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Abstract
Sharpening an argument in [2], we show that the problem of recognizing
refutable propositional logic formulas in conjunctive normal form with two
disjuncts is monotonic p-projection equivalent to the problem st — DCON
of directed connectivity between two distinguished vertices s,t of a directed
graph. It follows by [4] that the monotonic depth of bounded fan-in boolean
circuits for 2 — REF is ©(log”(n)).

Introduction

Let k-SAT [resp. k-REF] denote the set of satisfiable [resp. refutable!] propositional
formulas in conjunctive normal form. It has long been known that 3-SAT is N P-
complete and hence that 3-REF is co — N P-complete (S.A. Cook), while 2-REF is
in NL hence computable in polynomial time. S.A. Cook and M. Luby gave a
parallel algorithm (in NC?) for the problem of testing whether a 2-CNF formula is
satisfiable and if so yields a satisfying assignment. Appropriately formulated, 2-REF
is a monotone problem; e.g.

VY A@VYAEVyY)AEVY)
is refutable, so any extension
VYA EVHAEVY)AEZVY A V)

is also refutable. In [2],

Let st-DCON denote the problem whether there is a path from the vertex s to
vertex t in the directed graph G. This problem is monotone as well, since adding
edges to G cannot remove a path from s to ¢. By showing that st-DCON is monotonic
p-projection equivalent to 2-REF , we can apply the elegant monotonic lower bound
result of M. Karchmer and A. Wigderson [4] to show that the monotonic depth of
bounded fan-in boolean circuits computing 2-REF is © (log®(n)).

1 Definitions

Definitions The language 2-REF of 2 conjunctive normal form refutable formulas is
the problem of recognizing whether a formula ¢ of propositional logic is refutable,?
provided that ¢ is in conjunctive normal form with 2 literals per disjunction. For-
mally, for = z,|_1 --- 20 € {0,1}*, we make the following definition.

*Part of this research supported by NSF CCR-9408090 and US-Czech Science and Technology
Grant 93-025.
Mailing address: Institut fiir Informatik, Ludwig-Maximilians-Universitdt Miinchen, Theresien-
strafie 39, D-80333 Miinchen, GERMANY, clote@informatik.uni-muenchen.de
Key words and phrases: boolean circuit, depth, monotone circuit, projection reduction.

L is refutable iff ¢ is unsatisfiable iff ¢ is provable.

2¢ is refutable iff —¢ is a tautology, iff ¢ is not satisfiable.



Definition 1
2-REF = {z € {0,1}* : (3n < |z|)(|z| = 4n® A ¢z n is refutable)}

where ¢y, is the formula Ay n A Byn A Cyn A Dy n, and

4,§<n,Tpiy;=1

By, = /\ D; V Dpj
LI<NT 2 4 =1

Cz,n = /\ Dbi Vﬁj
LI<N,To,2 4 0 =1

Dw,n = /\ ﬁ,- \Y ﬁ]

i,j<n,z3n2+ni+j=1

The language st-DCON of s—t directed connectivity is the problem, given a directed
graph G and two distinct vertices s,t, whether there is a directed path from s to t.
Formally, we make the following definition.

Definition 2
st-DcON = {z € {0,1}*: (3n < |z|)(|z| =n® A @), )}

where @), ,, expresses “there is a directed path from the vertex 0 to the vertex n — 1
in the digraph Gz n = Vo, Egn)”, where Vy n = {0,...,n—1} and E; ,, = {(3,7) :
6, <Ny Tpitj = 1}.

For languages L, L' C {0,1}*, L is p-projection reducible to L' (or L is a p-projection
of L"), denoted L <,_,,,; L', iff there is a function p bounded by a polynomial with
the property that

(VN)(Jon : {yi i <p(N)} = ({24, T : i < N}U{0,1}))
such that
(Vo € {0, 11Nz € L <= (on(ypn) 1)s---»on(w0)) € L'].

For L, L' C {0,1}*, L is monotonic p-projection reducible to L' (or L is a monotonic
p-projection of L'), denoted by L <p,p_pro; L', iff the function o in the previous
definition satisfies

on {yi i <p(N)} = ({z;:i < N}U{0,1}).

We write L =pp—proj L' iff L <pp_proj L' and L' <pp_proj L. The notion of p-
projection was first introduced by L. Valiant in [7]. Both the notions of p-projection
reduction and monotonic p-projection reduction are investigated by S. Skyum and
L. Valiant in [8].

2 st-DCON is equivalent to 2-REF

The idea is to associate formula ¢g to graph G, where ¢¢ is a conjunction of s, £,
with the disjunctions p; V p; for each edge. Clearly if there is a path from s to ¢
then ¢ cannot be satisfiable.

Theorem 3 st-DCON <;;;_proj2-REF .



Proof Let p(N) = 4N. Define
oN  {ym :m <p(N)} = ({zm : m < N}U{0,1})

by the following.

Case 1. N is a perfect square.
Let n = v/N. For i,j <mn and k < 4, we let

Tnitj iftk=1

( =l if k=0andi=0=j
INWkntniti) = 9 4 ifk=3andi=n—1=j
0 else.

Case 2. N is not a perfect square.
Let on(ym) = 0 for all m < p(N).

Now, given £ = zn_1---x0 € {0,1}*, and y = yp(n)—1--- Yo, We write o(y)
instead of (o~ (yp(n)—1),---,0N(y0)). Clearly the formula ¢,(,),, corresponding to
definition 1 is given by the following.

Case 1. N is a perfect square.

byn=0 N @ VD) A@oVpo)ABurVPu1)
(4,)EGe,n

Case 2. N is not a perfect square.
In this case we have ¢, , = O, where O represents the empty formula (a widely
used convention in resolution).

The following well-known fact (see for instance Theorem 4 of [5]) completes this
direction of the proof of the theorem.

Fact. If (3n < z)(|z| = n? A |y| = 4n?) then there exists a directed path from 0 to
n—1in Gy iff ¢g(y),n is not satisfiable.

For z € {0,1}* of length N, we now have the following.

Case 1. N is a perfect square.
In this case,

T € st-DCON <= (UN(yp(N)_l), ...,0N(yo)) € 2-REF .

Case 2. N is not a perfect square.
In this case, z ¢ st-DCON and y ¢ 2-REF . This establishes the theorem. |

Theorem 4 2-REF <, _proj $t-DCON .

Proof The idea is to associate graph G4 for formula ¢, where G4 includes edges
(a,B) and (3, @) for every disjunct a V 3 occurring in ¢, where a,3 are literals. To
verify that this reduction can be done via monotonic p-reductions requires some
work.

Let p(N) = 36N. If N = 4n? then boolean variables zg,...,zx_1 encode a
candidate formula possibly belonging to 2-REF . Before giving the formal details of
the monotonic projection reduction, we give an intuitive description together with
several figures. The proof breaks into two cases, the nontrivial case being when
there exists an integer n for which N = 4n?, so that n = @ All of the intuitive
discussion before the formal proof concerns only this nontrivial case.



In figure 1, the directed graph Hy is presented with the property that Hy is
st-connected iff ¢ is refutable. The construction of Hy is explained below.

Do Pn-1Pg " Pp_1 Do Pn-1Dg" " Pp_1
row 1
s
g0 qn—1q0" " Tp—1 9o qn—1G0" " Tp—1
row 2
FIGURE 1
For ¢ in 2-CNF form with propositional variables po,...,pn 1, let Gy be the

graph obtained by taking vertex set {p;,D; : ¢ < n} and with edge set given by the
union of the following 4 sets

: p; V p; is a subformula of ¢}

)

»D;) : Pi VD, is a subformula of ¢}
) : P; V pj is a subformula of ¢}
)

: P; VD, is a subformula of ¢}

Similarly, let G%; be the graph obtained by taking vertex set {¢;,q; : ¢ < n} and
with edge set given by the union of the following 4 sets

{(@;,4:) : p:iV pj is a subformula of ¢}
{(gj,4i) : pi VP, is a subformula of ¢}
{(qjaqi) : P; V p; is a subformula of ¢}
{(¢j,4;) = P; VD; is a subformula of ¢}

Now define G to be the union of the directed graphs G and G, together with
edges (piaqi): (Qz’;pz’); (ﬁzaqz) (qiapi)a for all i < n. We will now verify that ‘b is
refutable if and only if for some ¢ < n there is a path from p; to p; and from p, to
p;. (If such is the case, then p;,p; are said to be strongly connected.)

If ¢ is a formula in 2-CNF form and a, b are literals, then we define Pathg(a,b)
to hold iff there is a sequence (ag, as, - - -, a,) such that a = ag, b = a,, and for each
i < r either a; = a;41 or @; V a;41 is a disjunct of ¢ or a;41 V @; is a disjunct of
¢. In this case, r is said to be the length of the path (ao,...,a,). Note that, if for
example p; V p; is a disjunct of ¢, then there is an edge (p;,p;) in G; and an edge
(g;,4) in Gi. Since there are edges between p;, and ¢, and between p,, and g, for
all k& < n, there is a path from p; to p; and from p; to p; in Gy. As well, note that



we identify @; with a;. The proof of the following is well known and can be found,
for instance, in Theorem 9.4 on page 184 of [6].

Fact. If ¢ is a formula in 2-CNF form, then ¢ is refutable iff

(3¢ < n)(Paths(pi,p;) A Pathe (i, pi))-

Returning to our intuitive description, given zg,...,2n_1, Where N = 4n2,
which possibly encodes a refutable formula in 2-CNF, we define the graph Hy to
have vertex set {0,...,12n—1}, where nodes 8n+1,...,12n—2 are isolated (i.e. not

incident to any edge), and hence not drawn in the figures. Graph Hy is encoded
by the boolean variables yo, . ..,yp(n)—1, where p(N) = 36N = (12n)?, which is
greater than (8n +2)? for n > 1. Hy has 2 designated vertices called s and ¢ (in the
encoding, s corresponds to 0 and ¢ to 12n — 1) together with two copies of the graph
G 4. We think of each copy of G4 as arranged in two rows, with G(li, in the top row
and Gi in the bottom row. Thus we consider the vertices of Hy as arranged in two
rows, where in the first row there are two copies of G;, and in the second row there
are two copies of G;. In addition to edges from G, there are edges from each of
the p; vertices in the first copy of Gé to the corresponding p; vertex in the second
copy of G;. As well, there are edges from each of the g, vertices in the first copy
of Gﬁ, to the corresponding g; vertex in the second copy of Gé. Apart from these
edges, Hy has additional s-edges and t-edges. Namely, the vertex s is joined to pg
in the first copy of Gé in the first row, for k < n. For k < n, each py in the second
copy of G}b in the first row is joined to t. We think of enumerating the vertices of
Hj,, beginning with 0 (the s vertex), then with the vertices 1,...,2n of the first
copy of G, continuing with 2n 4 1,...,4n in the second copy of Gy, continuing
with 4n + 1,...,6n for the first copy of Gé, continuing with 6n + 1,...,8n for the
second copy of G7, followed by 8n + 1 (the ¢ vertex). Within a copy of Gy, for
instance with vertex set 1,...,2n, we think of vertices 1,...,n [resp. n+1,...,2n]
corresponding to po, . ..,Pn—1 [r€SP. Py, --,Pn,_1)- Similarly for the other copy of
G, and for both copies of G.

We have already shown that ¢ is refutable iff there exists ¢ < n for which p;,p;
are strongly connected. The latter clearly holds iff Hy is st-connected.

The adjacency matrix of H, then has p(N) = 36N = (12n)? > (8n + 2)2

many entries, which is encoded by boolean variables yo, . . ., y,(n)—1, whose formal
definition is given later.
Namely, the intent of the definition of boolean variables yo,...,y3en_1 iS as

follows. The first clause defines all “s-edges”. The second clause defines all “t-
edges”. The third clause defines those edges from p,, in the first copy of Gé to P, in

the second copy of G},ﬁ in both rows, for all ¥ < n. The fourth clause defines edges
from py, to gk, from g to pi, from p,, to G, and from g, to p;, for all £ < n in both
copies of G and G%. The fifth clause defines edges corresponding to Gy in both

copies of G},ﬁ on the first row. The sixth clause defines edges corresponding to Gé in
both copies of Gi on the second row. Here note that [L21] = L%J holds exactly
when 1, j are vertices of Hy distinct from s,¢, and which are in the same G}p copy

or same G copy.
Formal details now follow.

Case 1. There exists an integer n for which N = 4n?.
In this case, let n = @ so that N = 4-nZ2.



Define u,v € {0,1}" for i,5 < 2n by

( T1.n24nitj if Z,] <n
T3.n2 4 nit(j—n) ifi<nandn<j<2n
T0.n24n(i-n)+j ifn<i<2nandj<n
\ L2-n24n(i—n)+(i—n) ifn <i,j <2n

Ui(2n)4j = 9

and
( L2n24nj+i ifi,j<n
. Y ifi<nandn<j<2n
i(2n)4j Lo.n2 b njt(i—n) ifn<i<2nandj<n

\ Z1-n24n(j—n)+(@i—n) ifn < 1,7 < 2n.

Referring to the notation of Definition 2, the following equivalences for i,7 < 2n
and Gy,2n = (Vu,2n, By 2n), are immediately derived from the above definitions of
the boolean variables ug,...,uny_; and vg,...,vN_1.

e Fori,j <n

(4,) € Buan =  Uian)+; =1
< $n2+ni+j =1
< p;Vpjis asubformula of ¢,

e Fori<n,n<j<2n

(/LaJ) € Eu,2n — Ui(2n)4+5 = 1
< T3p24nit(j-n) = 1
< DP; VDPj_, is a subformula of ¢,,,
e Forn<i<2n,j<n
(4,)) € Eugn =  Ujan)4; =1
= Tp(i-n)+j = 1
< pi—n Vpjis a subformula of ¢, ,

e Forn <i,7 <2n

(l,]) € Eu,Qn — uz’(2n)+j =1
= Top24n(i—n)+(j-n) = 1
< PinVDPj_,isa subformula of ¢, .,
As well, for 4,5 < 2n and G, 2n, = (Vy,2n, Ev,2n), the following is similarly derived.
e Fori,5 <n
(i,5) € Bupn <= Vien)+j =1

<~ $2n2+nj+i =1
< p; VD, is a subformula of ¢; 5

e Fori<n,n<j<2n

(i,J) € Bvon <=  Vian)4j =1
< T3n24n(j-n)+i — 1
<= DPj_n VD, is a subformula of ¢; n



eForn<i<2n,j<n

(7';.7) € Ev,Qn <~ Vi(2n)+j = 1
<~ mjn+(z'7n) =1
< p;Vpi_n is a subformula of ¢, ,

e Forn <i,j <2n

(27.7) € Ev,2n — Vi(2n)+j = 1
= Tp2yn(j-n)t+(i-n) = 1
< DPj_n VPi—n is a subformula of ¢,

In the current case, |z| = 4n? = N and we are to define y satisfying |y| = p(N) =
36N. Note that (8n + 2)% < (12n)2 = 36N, for n > 1. For 4,5 < 12n, define

(1 ifi=0and1<j<n
1 if j=12n—1and 2n+1<i < 3n
1 if j =i+ 2n and
either (n+1 < i < 2n)
or (bn+1<1i<6n)
1 if (j=i+4nA1<i<4n)
Yitrzn)+i = 4 or (i=j+4nA1<j < 4n)

U((i—1) mod 2n)-2n+(j—1) mod 2n lf]- <1i,J S f‘n and
5] = 5]
U((i-1) mod 2n)-2n+(j—1) mod 2n i 41 +1 5-1’1] < 8n and
|50 ] = 5]
0 if none of the above cases holds.

\

Case 2. There is no integer n for which N = 4n?2.
In this case, for all 4, j < 12n define y;12n)4; = 0.

From the above cases, it is straightforward to define the corresponding function
on :{yi i <p(N)} = ({z; : i < N}U{0,1}).
It now follows from the previous fact and the definition of o that
(Vz € {0,1}V)(z € 2-REF < (oN(Yp(n)=1),--->0n(Y0)) € st-DCON .

This completes the proof of the theorem. |

Putting the previous two results together, we have the following.
Theorem 5 2-REF =,,,_pro; 5t-DCON .

For L C {0, 1}*, we denote LN{0,1}" by Ly. Let d,,(Lx) denote the least depth
of a monotonic boolean circuit with AND, OR gates of fan-in 2, no NOT gates, where
circuit inputs are among the constants 0,1 and the positive literals zg,...,zn_1.
If f: N — N, then we write d,,,(L) = O(f) to mean d,,,(Ln) = O(f(N)).

Corollary 6 d,,(2-reF ) = O(log?).

Proof By the previous theorem, 2-REF =y, proj St-DCON . By the elegant re-
sult of Karchmer-Wigderson [4], d,(st-DCON ) = ©O(log®n). Clearly, monotone
p-projections preserve monotonic circuit bounds, and so d,, (2-REF ) = O(log? n).



A small example might provide an illustration of the encoding in theorem 4.
Suppose that ¢ is the following refutable formula

(Po Vp1) A (o VPy) A By VD) A (poVpr).

Then the graph Hy is depicted below. As well, a directed path from s to ¢ is given
by
Sap():ﬁlaql:ﬁl7§07ﬁ07p17t'



In this example, n = 2, N = 4n? = 16, p(N) = 36N = 576, and (8n + 2)? =
324 < (12n)? = 36N = 576. The encoding of the graph Hy on vertex set {0, ..., 23}
is depicted below. Isolated points 8n+1,...,12n—2 (or 17, ...,22) are not depicted.
As well, a directed path from the s vertex (encoded by 0) to the ¢ vertex (encoded
by 23) is given by

0,1,4,12,16,15,7,6,23.
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