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Introduction

In [20,21], A. Sali, E. Shakhnovich and M. Karplus modeled protein folding using
a 27-bead heteropolymer on a cubic lattice with normally distributed contact
energies; i.e.
E= ) Bi;é(ri;)
1<i<j<27

where B; ; is normally distributed with mean —2 and standard variation 1, r; ;
is Euclidean distance between residues 4, j, and §(r; ;) = 1if r; ; = 1 and 4, j are
not immediate neighbors in the polypeptide chain (i.e. |[i — j| > 1), else 0.

Using a Monte-Carlo folding algorithm with a local move set between con-
formations, Sali et al. attempted to answer the Levinthal paradox [13] of how a
protein can fold rapidly, i.e. within milliseconds to seconds, despite the magni-
tude of the conformation space (e.g. approximately 526 ~ 10'® for the 27-mer).
Letting to(P) denote the folding time (i.e. first passage time) and A(P) denote
the energy gap between the lowest energy E;, (native state) and lowest energy
E;, of a misfolded conformation of the protein P with normally distributed con-
tact energy, Sali, Shakhnovich and Karplus observed that A(P) is large exactly
when to(P) is small.

Using Sinclair’s notion of rapid mixing [17] and his modification of the
Diaconis-Stroock [6] bound on relative pointwise difference in terms of the sub-
dominant eigenvalue, we provide the first theoretical basis for the principal ob-
servation of Sali, Shakhnovich and Karplus. Specifically, we show that the mean
first passage time is bounded above by ¢;m;, m;, + ¢2, where m;, [resp. m;,] is the
Boltzmann probability of the system being in the native minimum energy state
[resp. second minimum)]. It follows that this upper bound decreases iff the energy
gap E;, — E;, increases.! From first principles, using the definition of mean first
passage time, this is hardly obvious.
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! Our result is somewhat weak, since we prove only that the upper bound for o
decreases. As stated in Theorem 1, Sinclair gives both an upper and a lower bound
of A1 in terms of convergence, hence the upper bound can perhaps be shown to be
tight, in which case it would follow that to itself decreases. In any case, our work
should be understood as a first mathematical justification for the SKK and related
observations.



Our result is actually proved for pivot moves (actually, only rotations) with
multiple occupancy, rather than local moves, but we are hopeful that our tech-
nique can be extended to cover a variant of the model of [20,21].

1 Markov chains and the second eigenvalue

In this section, we begin with some definitions and well-known results, and state
some profound results of Sinclair, relating relative pointwise distance to the
second eigenvalue. For undefined concepts, consult Feller [7].

Let P be the transition probability matrix of a (first-order) Markov chain M.
M is irreducible if for any two states i, j belonging to the state space S of M,
there exists n such that pgg) > 0. M is aperiodic if d(i) = 1 for all states i € S,

where the period d(i) of state i is the ged of all k£ > 1 such that pgﬁ-) >0.If M is
irreducible and aperiodic, then there exists ng such that P™ is positive, i.e. for

alli,j € 5, p(-n-o) > 0. It is well-known that in this case, there exist stationary

ZYJ
probabilities p;f =lim, pgz). In fact, letting

d = ma ax(p — pp%,0) <1
rg,ﬂxgm xX(Pply = P 0)

it can be shown (see [15]) that for all 4, [pl', — pj| < d™/me=L,

The convergence of an appropriate irreducible, aperiodic Markov chain to
stationary probabilities is the basis for the convergence of Monte-Carlo simula-
tions. Namely, define a neighborhood system satisfying < € N;, i € N; & j € N,
|N;| = |Nj| for all i, € S. Let f : S = R be a function, whose minimum
is sought by a Monte-Carlo simulation at temperature 7. Define matrix P by

setting

we—UF@O=FGYT . ) )
T if j € N; and f(j) (7)

> f
R if j € N; and £(j) < /(i)
ifi#jand j &€ N;

]‘_Zj;éipiaj lfl:j
The classic result of Metropolis et al. states that the Markov chain with transi-
tion probability matrix P is irreducible and aperiodic, and has the Boltzmann
= f/T . . . e

——— as its stationary probability distribution, where the
partition function Z satisfies Z = Y, ge™/)/T_In the sequel, we sometimes
denote p} by ;.

Suppose that N = P™ is positive, N* = lim,,_,o, N, where P is the tran-
sition probability matrix for irreducible, aperiodic Markov chain M.

Let M be a Markov chain with state space S. Following [17], the relative
pointwise distance is defined as

bij =

distribution pj =

() _ *
A(t) = max P12 23l
5,JES p;



Fix a subset X C S of the state space of Markov chain M. Define capacity to
be Cx = }_;c x pi; define the ergodic flow out of X tobe Fx = }_,c v 1o Pi,jP; -
Since 0 < Fx < Cx < 1, the quotient $x = Fx/Cx, may be considered to be
the conditional flow out of X, provided the system is in X. The conductance
¢ = ming, <, /2 Px, where the minimum is take over all X C S.

An irreducible, aperiodic Markov chain M with transition probability matrix
P is reversible if p; - p;; = p} - pj,i for all i,j € S.

Theorem 1 (A. Sinclair[17]). Let M be a reversible, irreducible, aperiodic
Markov chain, all of whose eigenvalues are non-negative. Then

/\t
Alt) < —1
minp

A1 < 1 is the second largest eigenvalue.> Moreover, A(t) < % and if
¢ < 1/2 then A(t) > (1 — 2¢)t.

With pivot moves (even allowing multiple occupancies), it is clear that the as-
sociated Markov chain is reversible. That this is not the case with the chain
associated with the local moves of SKK, even allowing multiple occupancies,
was pointed out by R. Backofen and S. Will (personal communication). It is
interesting to note that a modification of approximate bin packing yields a poly-
nomial approximation scheme of the conductance #-¢ when considering subsets
of conformations on the compact cube. R. Backofen and S. Will have an even
simpler argument for the same result. These points will be covered in the full
version of this paper.

2 Relating mean first passage time to energy gap

In this section, we give an application of Sinclair’s technique, using his modi-
fied form of the Diaconis-Stroock inequality, to provide an upper bound for the
subdominant eigenvalue of the transition probability matrix corresponding to a
Markov chain for protein folding, using pivot moves with multiple occupancy.
Let S denote the set of all conformations s = (sg,...,8,) with multiple,
occupancy of the n + 1-bead heteropolymer® where s; # s;42.4 It follows that
in the case of the 2D [resp. 3D] cubic lattice |S| = 3™ [resp. 5"]. Assume that
u = (u(0),...,u(n)), v = (v(0),...,v(n)) € S. Define the canonical path p =
(p1,---,Pm) between u,v where all p; € S, p1 = u, p, = v, m < n and for
each i < m, p;41 is obtained from p; by performing a rotation at the first site
Jj such that p;(j) # v(j). Let P denote the set of all canonical paths between

2 The largest is 1, since P - (p},...,py) = P, where P is the transition probability
matrix for M, and M has N states.

3 SKK consider the 3D cubic lattice. Our analysis is valid for any lattice model - for
instance, the 2D cubic or hexagonal, the 3D cubic or face-centered-cubic lattices.

4 The walk may intersect itself, but may not have consecutive overlapping steps.



ordered pairs (u,v) of distinct conformations. Clearly the length of the longest
canonical path is at most n. Given t = (u,v) € S x S, where v is obtained from
u by one move, define P, C P to be the set of canonical paths containing edge t.
The following lemma illustrates the injective mapping technique, introduced by
Sinclair [17].

Lemma 1. With the previous notation, for all t = (w,w') € S x S, there are at
most |S| many paths in P;.

PROOF. Suppose that w and w' are identical on sites 0,. ..,k but differ at site
k + 1. Define oy : P, x P, — S by o (u,v) = s, where

S; =

U; OS'lSk
s+ (wi—wp) k+1<i<n.

Then oy, is injective, since from s, w, w’ we can define u,v as follows:

P skt (wp—we) E+1<i<n
v — sp+ (wj —wp,) 0<i<k
L k+1<i<n.

Q.E.D.
Following p. 131 of [17], define

2 peP, (1) * Tp(F)
TiDi,j

b = max
t

where t = (i,5) and p(I) [resp. p(F')] denotes the initial [resp. final] conformation
in path p containing edge t¢. Letting io [resp. i1] denote the conformation with
minimum energy f(io) [resp. second lowest energy f(i1)], it is clear that m,(y -
Tp(F) < T, * iy~ This, together with the previous lemma implies that

b < |S|7T710 'Tril

(1)

Cc

where ¢ = min m;p; ;, the minimum taken over all pairs (¢, j) of conformations,
where j is obtained from i by a pivot move.

Modifying work of Diaconis-Stroock [6], Sinclair (cited on p. 131-132 of [17])
proved that A\; < (1 — ;) where £ is the maximum length of a canonical path.
From Theorem 1,

Al
min 7;
(1—1/b6)t
min 7;

< (1- C/”|S|7Tio7fi1)t‘

A(t)

IA

IA

min 7;



Setting the last inequality to be bounded above by 0 < € < 1, and taking
logarithms, we find

c .
tin (1 - m) S Ine + ln(mlnﬂ'i)
and so
In e + In(min 7;)
In (1 B "lslﬁcio”il)
Now ) s
1 1 1 46 4 194
- __ _ - _Z _Z _ - 54
In(1—9) 6 2 12 24 720 +0(%)
Letting § = m and dropping higher order terms, we have
ig iy
t < (—Ine—In(minm;)) - (M + 1) . (2)

Suppose that g : S — R is defined by g(i) = f(¢) for i # 4; and g(i1) > f(i1);
i.e. g is identical to f, but the energy gap A, = g(i1) — 9(4o) is larger than the
energy gap Ay = f(i1) — f(io). Let

Z2=3 e 01 7' =Y e/

€S i€S
e—I@&)/T e—9()/T
A ? Al
e—(F ) —F@)/T L e el —e)/T
Pij=—""pnN Pij= 7N
c= tI:IEI} TiDi,j ¢ = min 7ip; ;

t=(i,7)

where N is the neighborhood size using pivot moves (for rotation alone, N is 3
in 2D and 5 in 3D).
Lemma 2. 1. m, > m , and for i # iy, T > -
2. mipij < TyPey & ng;’,j < W;p;,y.
3. 5 <1

The proof is omitted.

Lemma 3. With the previous notation, if f(i) = g(i) for all i € S — {i1} and
0 < g(i1) — f(i1) < 2In (152) where § = e_;#, then

! !
Tio Ty Tio iy
- <—
c c

3)



PRrROOF OF CLAIM.

! ! !
T Ty i Ty € T
SR 0. oL e A-B<C
C C T 7TZ-1
—(g(io)— (i VA Z . . .
where A = e~ (9(i0)=J(0))/T . Z — Z since f(io) = gl(io), £ <1, and

B =
C = e ) —9)/T . Z_ Tetting a = f(i1)/T and b = g(i1)/T, we have that

Z A
A-B<Ce& Zi < e otb. 7 © (Z]Z")? < emth,

Now Z=2'—ebP4+e 250
et —e b\’ e~b(et=2 — 1)\’
(22')? = (1 + T) - (1 + T) :

Let = €~ which is greater than 1 since b = g(i1)/T > a = f(i1)/T. Letting
6= e_b/Z’ , by the quadratic formula it follows that for 1 < 2 < (%)2, we
have (1 — §(z — 1)) < z, and so in this domain (Z/Z")? < e*~%. Q.E.D.

It thus follows that for larger gap g(i1) — g(ig) our upper bound for \; and
hence for the relative pointwise distance decreases. We now relate relative point-
wise distance to mean first passage time.

Following [12], the fundamental matriz F is defined by

F=(I—-(N-N*)"1= I+i(N" —N* =T+ i(N—N*)".

n=1 n=1

The matrix M = (u;,;) of mean first passage times, is defined by taking p; ; to
be the expected number of steps to go from state i to state j. In [12], it is proved
that M = (I — F + EF4,)D, where I is the identity matrix, E is the matrix, all
of whose entries are 1, Fy, is obtained from F' by setting off-diagonal entries of
F to 0, and D is the diagonal matrix with entries d; ; = 1/p}. If

(t) )
|pz',j — ] <e

then certainly |P* — P*| < e- E, P! is positive, and |[F| < > ;2 (e - E)*. Suppose
that |S| = N so that E is an N x N matrix, and take e < 1/N?2, so €!/2 < 1/N.
The following claim is proved by induction.

CLAIM. For i > 1, (e- E)i < "% - E.

Now, letting § = €!/2, it follows that

i it1 1
Fl<I =2 .F=]+FE(———-1-9§
|F| < +;~ + B(1— )

and |I — F| < E(;&5 — 1 —6). Recall that Fy, is the diagonal matrix obtained

from F by setting off-diagonal values to 0. It follows that |EFy,| < E(:55 — 0)



and so |[I — F + EFyy| < |I — F| + |EF4| < E(:%; — 26 — 1). Recall that the
diagonal matrix D has entries d; = 1/pj; and 0 off the diagonal. A calculation
shows that

(1~ F+BFy) Dl <\~ F+ BFy| 10| < ({25 -25-1) -

where each row of @ is (1/p71,1/p5 5, .,1/Px ). Thus the mean first passage
time after the t-th step in the Monte-Carlo simulation is bounded by

2 ¥
(m -20—-1)-1/p;
which for 0 < § < 1/2 is at most 2/p}. Putting things together, we have the
following.

Theorem 2. Let M be a reversible, irreducible, aperiodic Markov chain, all of
whose eigenvalues are non-negative and which corresponds to a Monte-Carlo
simulation of n + 1-bead heteropolymer folding using pivot moves with multi-
ple occupancy. Let N be the size of the state space S of M, ig € S be the
native state conformation, and let ¢ = minm;p; ; where the minimum is taken
over all conformations i,j such that j is obtained by a pivot move from i with
transition probability p; ;. Then the mean first passage time p;;, from random
coil conformation i to native state ig is bounded above by cim;,m;, + c2, where
c1 = (nN/c)(2In N — min;esm;) and ca = (2In N — min;esm;) + 2/m;, >

PROOF. Given € = 1/N?, using (2) compute t; such that

to < (—Ine —In(minm;)) - (MJOW“ + 1>

and for all larger ¢, A(t) < e. Since § = €'/2 < 1/2, the expected number of
Monte-Carlo steps to visit the native state ig from any conformation ¢ at time
to is at most 2/m;,. Finally, Ine < 2In N. This yields the upper bound with
constants c¢1,cy. Finally, by Lemmas 2 and 3, it follows that the energy gap
E;, — E;, increases iff our upper bound for mean first passage times decreases.
This concludes our justification of the SKK observation that proteins which fold
have a large energy gap between minimum and second minimum energy. Q.E.D.

Note that when the Monte-Carlo temperature is large, the Boltzmann dis-
tribution is approximately equal to the uniform distribution, so that m;, =

mi, ~ 1/N. In this case, p;; ~ O(ﬁ) provided there is a pivot transition

from conformation i to j, so ¢ = O(m), ¢ = O(%ll((’)g;f,v) = O(log N) and
¢z = O(N). Thus for the uniform distribution, the upper bound c¢;m;,m;, + ca
is O(loﬁév + N) = O(N), the Levinthal number. This answers a question of E.
Shakhnovich (personal communication).

5 Note that c2 < 2In N — 7, + 2/, -



Example

The following example may be helpful to understand the mapping oy (u,v), for
a 2D cubic lattice. Consider two heteropolymers u,v with n = 11 beads, i.e. a

10-step self-avoiding walks, where u has the form

and v has the form

j @ @
G G

The following conformations are obtained only by applying rotations, which
possibly leads to multiple occupancy conformations. Site 0 is indicated on the

figures below. Due to lack of space, we give only the first few moves.

Y

Rotate by 7 at site 0 to obtain the following.

2)

Rotate by —m/2 at site 1 to obtain the following.

Rotate by —m/2 at site 2 to obtain the following.

i
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o

etc. If sites are numbered from 0,...,n = 10, and k = 5, then

)y for0<i<k=5
T Vet (0 —wg) fork+1=6<i<n=11.

with figure

[]

One can obtain u,v from s, w,w’ by ox(u,v) = s, where

s for0<i<k=35
wi = sp+(w; —wg) fork+1=6<i<n=11.

and
sk (w—wp) for0<i<k=5
Vi Si fork+1=6<i<n=11.

Finally, we mention that our simulation results will appear in the final version
of this paper.
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