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1 Introduction

As witnessed by this proceedings, there is currently much interest in the analy-
sis of proof size for tautology families in certain proof systems for propositional
logic. The reason is twofold: (1) the analysis of proof systems leads to a better
understanding of efficiency issues for theorem provers and (2) the development of
new combinatorial methods in establishing proof size lower bounds for propo-
sitional proof systems may help in better understanding and solving difficult
problems in complexity theory (it is well-known that NP = co — NP if and
only if there is a sound, complete propositional proof system which furnishes
polynomial size proofs for all tautologies).

In this paper, we consider several proof systems (resolution, cutting planes,
and a multiplicative extension of cutting planes), and analyze the proof size
of certain combinatorial statements related to the pigeonhole principle and to
graph theoretic principles.

The well-known pigeonhole principle PH Py, is given by

AN Vori= V \ (@i Apiy)

0<i<k 0<j<k 0<i<i' <k 0<j<k

In [7], W. Degen gave a natural generalization of the pigeonhole principle, which
states that for positive integers m, k if f is a function mapping {0,...,m - k}
into {0,...,k — 1} then there is j < k for which f~!(j) has size greater than m.
For ease of notation, non-negative integers will be considered as von Neumann
ordinals, so that n = {0,...,n — 1}, and [m]"™ denotes the set of size n subsets
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of {0,...,m — 1}. Formulated in propositional logic, Degen’s generalization is
given by a family {Dp, x : m,k € N — {0}} where D, 1 is

AN Vorei=V VA

0<i<m-k 0<j<k 0<j<k I€[m-k+1]m+1 i€l

W. Degen showed that for m fixed, over ZF set theory without the axiom of
choice, the set theoretic analogue of {D,, ; : k € N} is properly weaker than the
set theoretic analogue of {Dy,41, : K € N} when m + 1 is a prime. The pigeon-
hole principle, Ajtai’s parity principle, and various modular counting principles
have been investigated in boolean circuit complexity and in propositional proof
theory, the idea being that counting is a difficult notion to capture in finite
depth circuits or proofs. Motivated by Degen’s surprising hierarchy result in set
theory, we investigated his principle in propositional logic. This paper estab-
lishes that Degen’s principle is of the same strength as the pigeonhole principle.
Additionally, we consider a propositional logic formulation of st-connectivity,
and using the Karchmer-Wigderson lower bound for monotonic circuits, furnish
an example where tree-like resolution is weaker than resolution (by a different
proof, a separation between tree-like resolution and resolution was first given
by Tseitin). Finally, we note the similarity of operations allowed in defining
graph minors and those in restricted resolution proofs. This raises the question
of a graph theoretic characterization of those bounded degree graphs whose T-
seitin tautologies require large proofs in resolution or restricted resolution. In
this context, we prove a relation between the pigeonhole principle and Tseitin’s
odd-charged graphs.

2 Preliminaries

We refer the reader to Krajicek’s book [11] for any undefined terminology. Res-
olution is a sound, complete refutation system for conjunctive normal form
(CNF) formulas — sound, in that if CN F formula ¢ has a resolution refutation,
then ¢ is unsatisfiable, and complete, in that every unsatisfiable C N F formula
has a resolution refutation. CNF formulas are represented in resolution by a
set of clauses containing literals (a literal is a propositional variable or its nega-
tion), where the clause {a1,...,a,} represents ay V -+ V a,. The resolution
rule allows the derivation of clause CUD from the clauses CU {z} and DU {Z}.
A resolution derivation from Ci,...,C, is a sequence of clauses Dy,..., Dy,
such that every D; is either one of the C’s, or obtained from D;, Dy, for j,k < i
by the resolution rule. A resolution refutation of clauses C4,...,C), is a deriva-
tion of the empty clause from Ci,...,C,. By abuse of notation, we say that a
disjunctive normal form formula has a resolution proof, if its negation (a CNF
formula) has a resolution refutation. A resolution derivation is tree-like if every
clause is used at most once in an application of the resolution rule (multiple
resolutions on the same clause require multiple derivations of that clause).



The cutting plane proof system, CP, is a sound and complete refutation
system for CNF formulas. Propositional variable x; is represented by itself;
—x; is represented by 1 — 2;; a disjunction \/,_; a; of literals is represented by
Y icr B(ai) > 1, where R(a;) represents the literal a;; finally, a CNF formula
Nier Vjey, @i is represented by the family

Z R(a,-,j) Z 1

JEJ;

of linear inequalities. Without loss of generality, we assume all linear inequalities
are of the form Y a; - z; > A where a;, A € Z. The a; are the coefficients of the
propositional variables, and for lack of a better term, we call A the integer sum.
The axioms of CP are x; > 0, —z; > —1. The rules of inference of C P are

Yoai-x; >A > bi-z; >B
Z(ai-}—bi) -x; >A+ B

e addition

(c-ai) -z A

>oai-m; Zf%-|

e division
where integer ¢ > 1,

Zai-xi >A
Y.(cra;) mi>c- A

e multiplication

where integer ¢ > 1.

A derivation D for inequalities I from inequalities I, ..., I, is a sequence
D = (Dy,...,D,;) such that for all i+ < n either D; is an axiom, or one of
Ii, ..., I, or inferred from D;, Dy, for j,k < i by means of a rule of inference. A
refutation of I, ..., I, is a derivation of 0 > 1 from I1,...,I,. As in the case
of resolution, by abuse of terminology, we say that a disjunctive normal form
formula has a C'P proof if its negation has a C'P refutation. The size of a CP
refutation is the sum over all inequalities Y a;-x; > A occurring in the refutation
of 3 |ai| + |A|, where | A| indicates the length of the binary representation of A.
Tt is easy to see [6] that C'P is a sound extension of resolution, hence complete.

3 Cutting plane proofs of Degen’s principle

By Ep,r we denote the CP inequalities corresponding to the CNF formula
_'-Dm,k- Thus Em,k is

k=1
Y opij>1
=0



for 0 <i <m -k, together with
—Piy,j ~ Pisj = T Pimgr,j = M

for0<j<kand0<i1 <ia<--- <imy1 <m-k.
Theorem 1 There are O(k®) size CP refutations of Es .
Proof By assumption from Ej , for all 0 <4y < i <i3 <2kandall 0 <r <k,

2 2> piyr + Pig,r + Pig,r-
Claim 2 For all0<i1 <is <ig<iy <2k and all0<r <k,

2> piy,r + Pisyr + Pig,r + Dig,r-

Proof of claim: Fix i1, i,%3,%4 and r, and temporarily, set a = p;; ., b = Dis r,
¢ = Pig,r> d = Pi, r- By assumption from Es j, we have

2 > a+b+c
2 > b+c+d
2 > a+b+d
2 > a+c+d

and so by addition
8 >3a+3b+ 3¢+ 3d

and hence by division by 3
2=|8/3]| >a+b+c+d.

O
For later generalization, note that the pattern of the previous inequalities is
of the following form:

+4+ 1+

|+ +
|+ + +
+ 4+ + |

+

where + [resp. —] indicates presence [resp. absence] of the corresponding ele-
ment (i.e. in the first row, there is a,b,c but no d present). In this manner,
with O(k%) (i.e. order k- (**/")) many proof lines we can show that

22 Pirt ot Dir

for all rows 0 < r < k and all 4-tuples 0 < iy < iy < i3 < iy < 2-k from
that row. In a similar manner, we could show by a proof of O(k**!) lines,



that 2 > ps, » + - + pi,r, for all rows 0 < 7 < k and all distinct s-tuples

i1,...,1s. However, the overall proof would then be of Efi;:l O(k?) lines, hence
of exponential size. For that reason, in the following claim, we consider sets
i1, - -.,1s Of a particular form. Define integers z1, .. ., T, to be consecutive if for

a111§j<m,wj+1=xj+1.

Claim 3 Assume that 3 < s < 2k and for all 0 < iy < --- < iy < 2k such that
12,...,1s are consecutive, and for all 0 <r < k, it is the case that

2 Z pil,r + - 'pz’s,r-

Then for all 0 < i1 < -+ < is41 < 2k such that ia,...,is41 are consecutive, and
for all 0 < r < k, it is the case that

2> Diyort -+ Digyyre
Proof of claim: Fix 0 <43 < --- <4441 and r. By assumption

Piyr+ -+ Dir

Pigr + -+ Digar

DPiy,r + Pigr + -+ Digyyr
Piy,r + Digyr T Diya,r

NN NN
vV IV IV IV

Note that the pattern in the previous inequalities is of the following form:

+ o+ o+ e+ -
-+ + -+ o+
+ -+ e+ o+
+ + - =+

The first three inequalities hold by the assumption in the claim, and the fourth
(which contains only 3 terms) holds by assumption of E, ;. By addition, we
have

8 2 3pz'1,7' +--+ 3pz's+1,7'

and hence by division by 3
2= |_8/3J > Diyr + - +pis+1,r-

O

By induction on s, using the base case 2 > p;, » + Di,,r + Dis+1,r for all
0<r<kand0<i <iy <2-k (given by Es}), and applying Claim 3 in the
inductive case, it follows that for all 0 < r < k,

2 ZPU,T‘ + - +p2k:,7‘-



Adding all k£ inequalities (one for each 0 < r < k), we have

2k k—1

2k Z Zzpi’j'

i=0 j=0

However, by hypothesis E j, for each fixed 0 < i < 2k, E?;& pi,; > 1, and by
addition of these 2k + 1 inequalities (one for each 0 < ¢ < 2k), we have

2k k-1

Zzpi’j 22k+1

i=0 j=0

Thus we arrive at the contradiction 2k > 2k + 1. Rewriting the above proof in
the required normal form ) a; ; - p;,; > A we obtain a derivation of 0 > 1 from
Eo .

What is the size of this C'P refutation? In Claim 3, for each fixed s > 3,
there are at most O(2k) choices of 0 < 43 < 2k and (by consecutivity) at most
O(2k) choices of the remaining consecutive 0 < 4a,...,is41 < 2k with 43 < 4.
There are k many values of 0 < r < k, so altogether this makes O(k?) proof lines
for establishing the claim in going from s to s + 1. As s < 2k, the entire proof
requires O(k?) lines. The coefficients of the propositional variables have size
bounded by 2 (the largest coefficient is 3). Except in the last two steps, where
at most 2k + 1 inequalities are added (producing sums 2k and 2k + 1), all sums
are bounded by 8. Each inequality (proof line) has size O(k), since coefficients of
the variables are bounded by a constant, the integer sum is bounded by 2k + 1,

and there are at most O(k) variables per inequality. Thus the proof size is
O(k*- k) or O(K%). 1

Theorem 4 Let m > 2 andn = m -k + 1. Then there are O(n™*3) size CP
refutations of E,, 1, where the constant in the O-notation depends on m, and
O(n™**) size CP refutations, where the constant is independent of n,m.

Proof We generalize the proof of the previous theorem.

Claim 5 Assume that 3 < s < mk and for all 0 < iy < --- < iy < mk such
that im,...,1s are consecutive, and for all 0 < r < k, it is the case that

m 2> Piyr+ -+ Diy -

Then for all 0 < iy < -+ < i4341 < mk such that i,,,...,is11 are consecutive,
and for all 0 < r < k, it is the case that

m Z p’il,T + o +pi5+1,T'



Proof of claim: Fix iy < -+ < i541 and r. We have the following m + 2
inequalities:

m 2 Pyt T+ P

m > Digyr + - +pis+1,7‘

m Z Diy,r +pi3,r + - +pz's+1,7'

m 2 Pir + Pis,r + Pigyr 0+ Piggar

m 2 Pyt Pyt Pisrt o T Pigar

m > Piyyr + + Pigr + Pigr 0 + Digyar

m 2 Piyrt Pt Piggrr T+ P
m 2> Diy,r + - +pim,7‘ +pis+1,?‘

The pattern of terms in the m + 2 inequalities above is of the form:

+ o+ + + o+ + -
-+ + + + + 4+ +
+ - + + o+ + 4+
+ + - + o+ + 4+
+ 4+ + + -+ 4+ +
+ 4+ + + 4+ - - 4+

Removal of any of the first m — 1 summands in the term p;, » + -+ + pi, ., ,r
produces a term where p;,, r, - - ., Pi,,,,» are consecutive. This observation, with
the assumption in the claim, justifies the first m + 1 inequalities. The last
inequality (which contains only m + 1 terms) holds by assumption of E,, . By
addition, we have

m:- (m +2) > (m + 1) : (pihT + +pis+1ﬂ‘)
and hence by division by m + 1

m(m + 2)

m=| m+1

J 2 pi1,7‘ + e +pis+1,7"

O

Adding k inequalities m > po , +- - - +Pmp,r, we have mk > Ef;’f) ?;& Dij-
Similarly adding the mk + 1 inequalities p; o + --- + pixk—1 > 1, we have
E:’;’B f;é pi,j; > mk + 1. Finally, we have the desired contradiction mk >

mk + 1.



Let n = mk. In Claim 5, for each fixed 3 < s < mk, there are at most
O(n™) choices of 0 < 4y < -+ < iy < mk for which i,,,...,1s are consecutive
(such sequences are stipulated by choice of i1, ..., 4, ). There are k many values
of 0 < r < k, so altogether this makes O(n™*!) proof lines for establishing
the claim in going from s to s + 1. As s < mk, the entire proof requires
O(n™*2) lines. In each proof line (inequality), there are at most mk+1 variables
(hence O(k), if m is held as a constant), while the coefficients of the variables
are bounded by m + 1, and the integer sum (except in the last steps where k
inequalities are added together) are bounded by m(m + 2). In the last steps
involving addition of k inequalities, the integer sum is bounded by mk+1, hence
the size of each inequality (proof line) in the proof is bounded by O(n) if m is
held as a constant. It follows that the proof size is O(n™*2-n) or O(n™*3), where
the constant in the O-notation depends only on m. The previous considerations
yield that the proof size is O(n™*2 -logm) or O(n™**), where the constant in
the O-notation is an absolute constant independent of n,m. |

Corollary 6 There are polynomial size CP refutations of {Ep, p :m > 2,k >

1}.

Proof Each application of Claim 3 requires m + 1 additions and one division.
Taking this into account, as in the previous analysis, there are then O(m-n™*3)
proof lines, each of size O(logm), so the refutation size of E,, is O(n™*?),
where the constant in the O-notation is independent of n,m,k. On the other
hand, the size of E, j is O(n™*!). Thus the refutation size is polynomial in the
size of the formula being refuted. |

Let [n]" [resp. [X]"] denote the set of r-element subsets of {0, ...,n—1} [resp.
X]. The Erdés-Rado partition calculus notation n — (m)}, means that for any
partition f : [n]” — {0, ...,k — 1}, there is a size m subset X of {0,...,n — 1}
on which f is constant; i.e. f([X]") has cardinality 1. Using the Erdés-Rado
partition calculus notation, PH P,, can be written as

n+1—(2)}

and Degen’s principle as
mk+1— (m+1);.

Question 7 Are there polynomial size CP proofs of versions of Ramsey’s the-
orem
n+1-— (m)j

for appropriate n,m,r, k?



On p. 327 of [3], V. Chvatal gave a cutting planes proof of the instance

14 A (3)
15 = (3)2

of Ramsey’s theorem, and claimed that a general form of Ramsey’s theorem
could be proved in cutting planes. Since no details were given, it is unclear
whether Chvatal’s intended proof was indeed polynomial size. In [13], P. Pudlak
has shown the existence of polynomial size constant depth Frege proofs of an
appropriate formulation of Ramsey’s theorem. It appears unlikely that CP
(or CPLE, an extension of cutting planes with limited extension, see [2]) can
polynomially simulate constant depth Frege systems. Hence it would be of
interest to extend the counting arguments within C'P to prove Ramsey’s theorem
and stronger combinatorial theorems.

4 Polynomial equivalence over resolution be-
tween Degen’s principle and the pigeonhole
principle

In the following we denote the cardinality of a finite set S by ||S]||.

Definition 8 The proof system @ p-simulates the proof system P if there is a
polynomial time computable function f such that for all x,y, if x is a P-proof
of y then f(z,y) is a Q-proof of (the translation of) of y. Proof systems P,(Q
are p-equivalent if each p-simulates the other.

In this section, we show that over resolution, the clausal form of Degen’s prin-
ciple
(Vf: (mk+1) = k)F < K(IF71G@] > m+1)

is p-equivalent to the clausal form of the pigeonhole principle
(Vg : (mk + 1) = mk)(3i < mk)(||lg ()] > 2).

(Note that we identify n with {0,1,...,n —1}).
The idea of proof by contrapositives is quite simple. To show =Dy, », = —PH Py,
suppose that f: (mk + 1) — k violates Degen’s principle; i.e.

Vi <RI <m)
Define g : (mk + 1) — mk as follows: g(i) =1-k + j iff f(i) = j and this is
the [ 4+ 1th such 4 (in case [ = m — 1 at least the mth such 4). In other words,
9(@) =1k +jiff
C<m—=1Af@)=jAllfG) Nill=1) or
E=m—1Af@)=inlIf G0l 21) -



Since f violates Degen’s principle, it follows that g is injective, so g violates the
pigeonhole principle. To show =PH P, = =Dy, 1, suppose that g : (mk+1) —
mk is injective. It follows that f(i) := ¢g(¢) mod k violates Degen’s principle. In
this section, the previous argument of equivalence is formalized within resolu-
tion.

Throughout this section, fix k,m and let n = mk. In the following defini-
tions, the reader should bear in mind that in the sketch proof that —Dp, , =
—PHP,,;, the p’s encode f, and the ¢’s encode g; i.e. p;; = L iff f(i) = j and
gi,; = 1iff g(i) = j.

Definition 9 (a) In the following formulas denote the clauses equivalent to
them. For instance \;.; pi— \;c s q; denotes the clause

{p,:ieltu{g:ieJ} .
(b) The set of defining clauses for p' = \;.; q; is the set of clauses
{p'—>qi:ie TU{\d—-p'} -
iel
The set of defining clauses for p' = \/,;.; q; is the set
-\ ¢ruid—p iel} .
iel

Definition 10 —D,, ; is the set of clauses expressing the refutable version of
Degen’s principle

Af (e +1) = B)(¥i < B)(|IF (@) < m)

so that
=Dy := D2 UDY
with
D:n’gc = {\/ pij i <n}
i<k
and

DY ={\/Pij:i<kSem+1m}
i€S

Definition 11 (a) [{]<™ := J,_,,[i]"-
(b) If ||S|| < m — 1, then let Def(p? ) be the set of defining clauses for

sJ

vy =g A Noegn N\ Boy -
i'es i'€(i\S)

10



If||IS|| =m — 1, let Def(pf,j) be the set of defining clauses for

S
i =pig A\ pis-
i'eS

(c)
Def(p U U U Def( p”

i<n j<k Se[i]<m

(d) Fori<mn,l<m,j<k letDef(g; ;) be the set of defining clauses for

Qilk+j = \/ pw
Seli]t

()
Def(q) :== | J | Def(qi;)

i<nj<n

We have: If f(i) = j and f~1(j)Ni D S, thenp holds for some S’ O S
(which implies, that g; x+; holds for some [):

Lemma 12 Ifi<n, j <k, S € [{|<™, then

-,0 <
DS D) F (i A N\ prs)— Pl
i'eS SCS’efi|<m

For all possible choices of i,7,S altogether we need < (n + 1)™*3 resolution
steps.

Proof By induction on ( —1)—||5]l-
The base case ||S|| = m — 1 is contained in Def(p{ i)
For the induction step, assume ||S|| =1 < m—1, and that the theorem is proven
for |[S|| =1+1. Let A:=p;; A NycgPi i
By Def(p_é) we have
CY AN RS
i €(i\S)

By the induction hypothesis follows for i’ € (i \ S)

(A /\pi’,j)_) \/ p;-s:j .
SU{i}CS' [i]<m

Now, applying i — ||S|| resolution steps we deduce the assertion.
To compute the number of resolution steps, note that for every i <n, j <k,
Il <m,S €', i—|S|| <n steps are required, and [|[i]'|| = (}) < (n +1)™

11



therefore altogether at most k- (n+1)-m-(n+1)™-(n+1) = km(n+1)™*+2 <
(n 4+ 1)™*3 steps are required. |

From lemma 12 follows now immediately, that Vi < ndy < n.g(i) = y
(namely g(i) = Ik + j if p§; and [|S|| =1):
Lemma 13 Fori<n

\/ pij Def(p%), Def (@) - \/ g1y

i<k y<n
for all i altogether in < 3(n + 1)™+3 steps.

Proof By lemma 12, for each fixed ¢ we have p; ;— Vse[i]<m pz-S,J-. From this
and \/;_; pi,;j in k resolution steps we deduce

V \/pf,j :
Seli|<m j<k

By Def(q) pj;—qik.||s||+;- In Doi<n 2j<k 2i<m [|[)¢|| resolution steps we con-

clude
\/ qi,y .

y<n

Number of steps needed: For lemma 12 at most (n + 1)™*3 steps, additionally
at most k- (n+ 1) - (k+ (n+ 1)™*! . m), so altogether at most 3(n + 1)™+3
steps. |}

We show now that g is injective. First we have that we never get pf’ ; and
i with i #4', ||S]| = [|5"]|:
Lemma 14 Assumei<i' <n,j<k, Se[il', S'€[i'l'. Ifl <m —1, then

Def (p°) - 57, V B5.;
and if l=m — 1, then
5 -1, —5 \, -5
Def(ps),Dm’k FP;; VD -

For all possible i,i', j, S together, at most (n + 1)>™+3(m 4 1) steps are needed.

Proof Casel <m — 1:
Ifs=9, then by Def@s), we have p”—>p,], since ' =S Ci,i ¢ S’ and

therefore pi ]—>pz j» by resolution i i VD p, .
If S # 9, it follows, since ||S|| = ||S”]|, that S ¢ S', therefore there exists some

12



io € (S\ S'), we have pJ;—pj, j, p;.?:j —P;, ;> again by resolution the assertion.
Casel=m —1:
By D

m,k
\/ Piy i VP VB -
igE€S
by Def(p%), for io € S, p§;=pio.j» Pi;—Pij> pf,:j—>pi:,j, by m + 1 resolution
steps Py, V P ;-
Number of steps needed: there are at most

Dicir<n 2oj<k 2t<m 2uselit 2oseppp (M +1) < km(m + 1)(n + 1)>m+
< (n+1)2"*t3(m + 1) steps.

Lemma 15 Ifi <i' <n, y <n,

Def (p), Def(9), D, & Wiy Vst -

m

All proofs together need (if k > 2) at most (n + 1)+ steps.

Proof By lemma 14, if | <m, j < k, S € [i,, S" € [i']' it follows that B}, VB ;,
further by Def(q) in ||[¢]<™|| resolution steps

Qi ki+j— \/ pfj )

Seli]t

therefore ,
Qz',kl-‘,-j_)pis;,ja
by Def(q)
Qi kl+5— \/ bij s

s elir)

by [[[i']"]| steps i kitj VY it kije
Number of Steps: steps from lemma 14 at most (m + 1)(n + 1)?™+3 steps,

additionally

2 )0 > D UE™I-ET™ ) < 200+ 1) - kem- (n+1)*™ < 2(n+1)>"F

i<i'<nl<m j<k

steps, altogether at most (n + 1)2™+3 . (m + 3) steps. |

This completes the formalization in resolution of ~Dy, 1, = —PH Pp;. The
formalization in resolution of the converse is straightforward and left to the
reader. From the analysis of resolution steps and consideration of the number
of variables which can appear in any clause, we deduce that D,, , = PHP;,
has resolution proofs of size polynomial in the size of Dy, , and PHPy;.

13



Note that the proof of equivalence really uses extended resolution, since we
introduced polynomially (in n) many new literals pf, ; and @i ip+;- The pf, ; were
defined in terms of the original p; ;, and the g; ;54 ; were defined in terms of the
pf ;> thus the depth of the extension is 2, and all definitions involve polynomially
(in n) many literals. By substituting the defining clauses appropriately, from
a derivation of the empty clause from —PH P,,;, we can obtain a derivation of
the empty clause from =Dy, ;. It is in this sense we mean that over resolution
PHP,,;, and D, ;, are polynomially equivalent.

Since cutting planes p-simulates resolution, it follows that Dy, , = PH Py,
has polynomial size cutting planes proofs (more precisely, cutting planes with
extension, where the depth of the extension is 2, and all extending inequalities
involve polynomially (in n) many literals; see [5] for information on cutting
planes with extension). Since PHP,; is well-known to have cutting planes
proofs of size polynomial in mk, we have an alternative proof of the main result
of the previous section.

5 st-Connectivity

Graph connectivity has been studied under various guises by many authors
(Floyd-Warshall’s O(n?logn) algorithm for transitive closure, the well-known
observation that the so-called directed graph accessibility problem GAP is com-
plete for nondeterministic logarithmic space, Borodin’s observation that LOGSPACE
is contained in AC?, etc.). In [10], M. Karchmer and A. Wigderson gave a sig-
nificant size lower bound for boolean circuits computing st-connectivity, the
problem whether there is a path from designated nodes s to t in an undirected
graph.

Theorem 16 (Karchmer-Wigderson [10]) Monotonic fan-in 2 depth of st-
connectivity is ©(log” n).

In [18], I. Wegener proved the monotonic analogue of Spira’s theorem which re-
lates depth and size of monotonic formulas: a problem P has depth O(d) mono-
tonic formulas if and only if P has size 2°(4) monotonic circuits (see Boppana-
Sipser [1] for an overview of boolean circuit complexity). Wegener’s result, with
the previous theorem, implies the following.

Corollary 17 (Karchmer-Wigderson [10]) Monotonic formula size of st-
connectivity is ©(nl°&").

Another application of the previous theorem, not used in this paper, is the
following result.

Theorem 18 (Clote [4]) The monotonic depth for fan-in 2 circuits recogniz-
ing whether a 2-CNF formula is refutable is ©(log® n).
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There are various possible formulations of st-connectivity in propositional
logic.

Definition 19 (st-connectivity (Form 1)) Assume that G is a finite undi-
rected graph, with two designated vertices s,t of degree 1, while all other vertices
have degree 2. Then there is a path from s to t.

This notion of st-connectivity, proposed by P. Pudlak, was investigated by
S. Buss and P. Clote in [2] (this version of st-connectivity for directed graphs
was there shown to be equivalent (over constant depth, polynomial size Frege
systems) to the onto version of the pigeonhole principle, and polynomial size
CP proofs were given for st-connectivity for undirected graphs). An alternate,
weaker form of st-connectivity is now defined.

Definition 20 (st-connectivity (Form 2)) Assume that G is o finite undi-
rected graph with two distinct, designated vertices s,t. Then either there is a
path from s to t, or there is a partition of the vertices of G into two classes,
where s and t lie in different classes and no edge goes between vertices lying in
different classes.

We will show that there are polynomial size resolution proofs for st-connectivity
(Form 2), though of course, since st-connectivity (Form 1) implies the pigeon-
hole principle, there is an exponential lower bound for resolution proof size for
st-connectivity (Form 1). The formalization in resolution of Definition 20 is now
given. The formula A(p, ) is the conjunction of the following clauses:

1. qo0

2. Gny1,n+1

3. Qi j» T, for all j #kin {0,...,n+1}.

4. ¢i0,---,GQin+1, forall i € {1,...,n}.

5. Qi j»Qit1,6oPik, for all j # kin {0,...,n +1}.
6. P; j:Pji> for all i # jin {0,...,n +1}.

The idea is that the p’s express the edge relation of G (p;; = 1 iff there is a
directed edge from 7 to j), and that the ¢’s define a path from s =0tot = n+1.
We allow multiple occurrences of the same vertex along a path.] Thus A(7,q)
expresses that G is a directed graph and there is a path from s to t.

The formula B(g,7) is the conjunction of the following clauses:

1. 7
2. Tn+1

3. Ti,P; ,7j, for all i # j in {0,...,n + 1}.

15



The idea is that the p’s express the edge relation of G, and the r’s express the
partition: those vertices ¢ in the same partition class as s (we identify s with 0)
satisfy 7;, while those in the same class as ¢ (we identify ¢ with n + 1) satisfy ;.
Thus B(p, ) expresses that there is a cut (or partition into 2 classes), for which
s [resp. t] belongs to [resp. does not belong to] the cut, and such that no edge
goes from a vertex belonging to the cut to a vertex not belonging to the cut.

The resolution formulation of st-connectivity (Form 2) is the conjunction of
both A(7, §), which expresses that either G is not an undirected graph, or there
is a path from s to t, and B(p, ), which states that there is a partition of G’s
vertices, with s,% in different classes, and for which no edge of G goes between
vertices in different classes. Note that all occurrences of ' in the clauses B are
negative.

J. Krajicek [12] proved an interesting interpolation result, which relates
monotonic circuit lower bounds with lower bounds resolution proofs (P. Pudlik
[14] extended this to an interpolation result relating monotonic real circuit lower
bounds with lower bounds for cutting plane proofs).

Theorem 21 (Krajic¢ek [12]) Suppose that propositional variables p are pos-
itive in A(P,q), or that P are negative in B(p, ), and that there is a resolution
refutation P of A(P, Q) AB(P, ) of depth d and size s. Then there is a monotonic
boolean circuit C of depth d and size O(s) for which

) = 0 if A(P,q) is refutable
“ | 1 else if B(p,T) is refutable

Moreover, if P is a proof tree, then the circuit C has fan-out 1.

By Theorem 21 and Corollary 17 we have the following.

Theorem 22 All tree-like resolution proofs of st-connectivity (Form 2) have
size Q(n'°8 ™).

Proof Let s(n) be the size of a refutation of A(p, §) A B(p, ), where the latter
expresses the statement that a directed graph G on n nodes has a path from s
to t and at the same time a cut between s and ¢. From Theorem 21 there are
monotone boolean circuits C of size O(s(n)) such that C(a@) = 0 implies that
A(a, ) is refutable and C(a@) = 1 implies that B(d,7) is refutable. Restricting
C to those inputs @ which correctly encode a directed graph G, it follows that
C(@) = 1 if and only if there is a path from s to ¢. By Corollary 17, it follows
that s(n) must be Q(n'°8™). |

The separation between tree-like resolution and resolution is a corollary of
the following.
Theorem 23 There are polynomial size resolution proofs of st-connectivity (For-
m 2).
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Proof We begin by the following claim.
Claim: For 1 < <n + 1, there is a resolution proof of g; ;,T;

The proof of the claim is by induction on i. For the base case of ¢ = 1, note
that

TksDk,0570 Do ks Pr,0
90,0191,k P0,k TksDo,ksT0
G0,0091,k:TksT0 do,0
Q1> TksT0 To
Q15 Tk

)

The resolution proof for the base case is O(n) size. Now, the induction hypoth-
esis is
q;,Tj-

We have the following auxiliary result.

Dj k> Prj Tk, Dk j»>Ti
Qi jr Dit1,k> Pk TkyDj ko Tj
Qi,j>Tj iy Qig 1,k Th> T
i > Q1,6 Tk
Now
qi,0,9,15 - - -5 Gi,n+1 Qi.0-%it1,k: Tk
%15 4625 - - > Qint1, i1,k Tk i1, Qig1, ko Tk
Gi,25 -+ s Qint15 Qi1 ko Tk

Inductively continuing in this manner, we obtain

it 1,5 Th-

This completes the inductive case. For i,k fixed, there are O(n) additional
resolution steps, with overall size O(n?).
Taking ¢ = n + 1, it follows that

qn+1,k7Fk
for all k, so that

Tnt1,n4+1>Tnt1 An+1,n+1

Tht1 Tntl
0

We have thus derived the empty clause by a proof of size O(n*) from the assum
ptions. |
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Figure 1: Odd-charged graph with edges labeled by literals

Corollary 24 Tree-like resolution does not polynomially simulate resolution.

See A. Urquhart’s survey article [17] for discussion of Tseitin’s original argu-
ment.

6 Tseitin’s odd-charged graphs

In [15], Tseitin associated propositional formulas with labeled undirected graph-
s, and developed a technique for obtaining lower bounds for regular resolution
refutations (regular resolution allows, on any branch of the refutation tree, at
most one resolution on any particular variable).

Suppose that G is a finite, undirected graph, whose vertices are labeled by
0,1 and whose edges are labeled by distinct propositional literals (if literal «
labels edge e, then neither o nor @ can label another edge). The label on a
vertex is said to be its charge. The graph G is said to be odd-charged, if the
sum modulo 2 of the vertex labels is 1. Figure 1 is an example.

Associate with G its charge equations, i.e. for vertex v the equation EQ(v)
states that the sum modulo 2 of the literals incident to v equals the charge on
v. For the example in Figure 1, here are the charge equations:

lL.yeou=20

2. 7o dz=1
3. 2=0

4. 2@u=20

The Tseitin clauses F'(G) associated with graph G are the clauses corresponding
to the CNF' formulation of the charge equations. With this example, we have:

L {3}, {u,y}

2' {$7 y7 E}7 {x7 y? z}7 {E7 y7 z}? {E7 y? E}
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3. {z}
4. {z,u},{z,u}

The rule for producing clauses from a charge equation is to place an odd [resp.
even] number of negations on the associated literals, if the charge is 0 [resp. 1].
Clearly, there are 271 clauses associated with the charge equation for vertex
v if the degree of v is d (note that half of the 27 truth assignments satisfy the
charge equation). When considering proof size, we are thus only interested in
graph families of bounded degree. The key property of odd-charged graphs is
given by the following.

Fact 25 (Tseitin [15, 17]) The connected graph G is odd-charged if and only
if the clauses F'(G) are unsatisfiable.

In [15], Tseitin developed recurrence relations for regular resolution refutation
size, depending on a connectivity parameter for the graphs, and thus proved an
exponential lower bound for regular resolution refutations for F(L,), where L,
is the odd-charged n x n lattice. In [16], A. Urquhart employed A. Haken’s lower
bound technique [8] to prove an exponential lower bound for Tseitin tautologies
associated with particular expander graphs. Two interesting questions remain
in this area:

1. Are there polynomial size CP refutations for Urquhart’s formulas [16]?

2. For which families of graphs of bounded degree are there superpolynomial
lower bounds for resolution [resp. regular resolution] refutations of Tseitin
formulas?

Despite Tseitin’s recurrence relations, it seems to be an interesting open problem
to determine which graph theoretic properties lead to polynomial size regular
resolution proofs.

Lemma 26 Let u,v be two nodes of a charged, labeled, undirected graph G,
which are joined by an edge in G labeled by x. Let G' be obtained from G by
contracting the edge {u,v}. In other words, define V(G') = V(G) — {u,v}U{w}
where w & V(G) is a new node, and

E(G'") = E(G)—{e:ue€e orveelU{{r,w}: {r,u} € E(G) or {r,v} € E(G)}.

The charge on every node in V(G') —{w} is the same as the charge of that node
in G, while the charge on w is defined to be

charge(u) ® charge(v).

Then there are 2%9(W+d9(v)=3 resolution steps to derive the clauses associated
with the charge equation EQ(w) in G' from the charge equations EQ(u), EQ(v)
in G.
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The proof of this lemma, follows from a simple computation, where positive
[resp. negative] occurrences of the edge literal z in EQ(u) are resolved against
negative [resp. positive] occurrences of z in EQ(v). The formal proof is left to
the reader.

Definition 27 The graph H is a minor of the graph G, if H can be obtained
from G by the operations of deleting an isolated vertex, removing an edge, con-
tracting an edge.

Edge deletions and their relation to regular resolution were first discussed
by Tseitin [15, 17], and were the basis of his recurrence relations. Isolated
vertices play no role in Tseitin’s formulas, as there is no charge equation for
such vertices. Finally, edge contractions can be handled by the previous lemma.
From this discussion, it is clear that a precise relation between F(G) and F'(H)
can be worked out, if H is a minor of G. Moreover, a simple computation,
contracting edges beginning with those adjacent to the leaves, shows that the
Tseitin formulas F(G,,) have linear size regular resolution refutations, for fam-
ilies {G}, : n € N} of bounded degree odd-charged trees. This follows from the
next proposition.

Proposition 28 Let T be a rooted, odd-charged binary tree with n nodes and
degree bound e. Then there are regular resolution refutations of F(T) consisting
of at most n(2¢ — 1) steps.

Proof Contract edges, beginning with the leaves of 7. By Lemma 26, the
number of resolution steps required to contract the edge connecting a leaf (of
degree 1) with its parent is 2°~1. For that parent, there are respectively 2672,
2¢73, etc. many steps in contracting sibling leaves with the same parent. Thus
an upper bound for the number of resolution steps required to derive the empty
clause is the number of internal nodes of T times Zf;& 2¢. so bounded by

n(2e —1). g

Hence, it seems possible that one could classify via graph theoretic proper-
ties those families of bounded degree connected graphs whose associated Tseitin
formulas have polynomial size regular resolution refutations. Noting the corre-
spondence in regular resolution with operations in the definition of graph minor,
certain techniques may be applicable from the Robertson-Seymour theorem that
the collection of all finite graphs is well quasi-ordered under graph minors.

As a small step in this direction, we describe degree 3 graphs whose Tseitin
formulas correspond to the pigeonhole principle, and for which there are no
polynomial size resolution (or even constant depth Frege) proofs. As shown in
Figure 2, the graph G, consists of n + 1 top trees B;, and n bottom trees C},
both indicated by triangles. B; is responsible for mapping the i-th pigeon, and
Cj is responsible for the j-th hole. The jth leaf of B; is connected with the ith
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Bn+1

Figure 2: Global view of Tseitin graph representing PH P,

(bi,4)
Figure 3: Local view of Tseitin graphs for the B’s
G
(cd1) @, /
(c,j»2 (c,3,3)

(¢:j>1)

Figure 4: Local view of Tseitin graphs for C’s
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leaf of C;. The B’s themselves are shown in Figure 3 and the C’s are shown
in Figure 4. The trees B; have n leaves each, therefore 2n — 1 nodes, whereas
the trees C; have n + 1 leaves and 2n + 1 nodes. The jth leaf of B; has number
leafp(j) := n — 1+ j and the ith leaf of C; has number leafc (i) := n + i.
Therefore G,, has vertices

{{bi,j):1<i<n+1,1<j<2n—-1}U{{c,4,j):1<i<n,1<j<2n+1}
and edges from the following three sets:
{64, L3/2]), (6,6, 0) 1 <i<n+1,2<j<2n—1}
and
{{led,1i/2]). 4, i, )} :1<i<n,2<j<2n+1}

and
{{{b,i,leaf p(4)),{c, j,leafc(i))}: 1 <i<n+1,1<j<n}

We assign propositional variables to the edges of Gy, as follows: pg; |;/2)),¢i,5)
labels the edge from [j/2] to j in the tree By; q(i,|j/2)),¢i,5) 1abels the edge from
[j/2] to j in the tree Cy; and 7(; jeat (j)),(jleafo (i) 1S Tesponsible for connecting
leaf j of B; to leaf ¢ of C;. Here, the propositional variable sets are given as
follows:

{p(i,|_j/2j),(i,j) :1<i<n+1,2<j<2n—-1}

and
{ag, 132y gy 1< <n,2<j < 2n 41}
and
{P(ieatc (), Gileatn (i) * 1 <4 <n+1,1<j<n}.

Let each of (b,i,1) for 1 <i <m+1, and (¢, j,1) for 1 < j < n have charge
1, and all other nodes have charge 0. The edges of G, are labeled in the obvious
manner (eg. {(b,1, [j/2]), (b,4,7)} is labeled by p; |j/2),¢i,5) etc.). Therefore G
has odd charge 2n + 1 and we have the following charge equations:

(1) D1y (i,2) P Py, ,3) =1
forall1<i<n+1,

(2) qei,1),(i,2) D 4i,1y,5,3y = 1

forall 1 < <n,

3) DG, 13/21) 053y © Plis) (i,25) D Plavgy,(i2zi+1y = 0
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forall1<i<n+1,2<j<n—-1,

(4) Ui, [5/20),(ng) D@ i), (3,25) @ Ui (i,25+1) =0

forall1<i<n,2<j<mn,

(5) P, kealp @) |y (i leaf 5 (5)) D Ti,leaf 5 (4)), (j leatc (i) = O

foralll1<i<n+1l,and 1 <j <n,

(6) T(iteats (), (Gileatc (1)) D 4 | 1eato @) 1y teage i)y = O

foralll1<i<n+1l,and1<j<n.

The set of G,’s vertices has cardinality (n + 1)(2n — 1) +n(2n + 1) = 0(n?)
and each node has degree at most 3.

We claim that there are polynomial size resolution derivations of F(G,,) from
—PH P,, — recall that the Tseitin formula F(G,,) is refutable, whereas PHP,, is
a tautology.

To thisend, for 1 <i<n+1,2<j<2n-—1let

(7) PGi,Li/2) i) = V Pis
{1<k<n:jCleats (k)}

where v C v means that u is a prefix of v (integer u is a prefix of integer v
if the binary representation of u is a prefix of the binary representation of v).
The idea is that the leaves of the tree B;, are labeled by P;; 1, Py 2,---, FPign
and that an edge p(;,|j/2)),(i,;) between node (b, i, [j/2]) and node (b, 1, j) of B;,
has the value 1 iff (b, i, |j/2]) is the ancestor of a leaf bearing the value 1. For
1<j<n2<i<2n+1let

(8) 4G, 1i/2]).(,0) = V Prj
{1<k<n+1:iCleafc (k)}

Similarly, the idea is that the leaves of the tree C}; arelabeled by Py j,, P jos- - - > Pnt1,jo
and that an edge q(j,i/2]),(;,i) between internal nodes of C}, has the value 1 iff

{c, 4, [i/2]) is the ancestor of a leaf bearing the value 1. For 1 <i<n+1,1<
ji<nlet

9) T(ieats (j)),(jleaf o (i) = Pij-

The function of the r’s is to connect up leaves of the B’s with those of the C’s,
where leaf the j-th leaf of B; (labeled by P; ;) is connected to the i-th leaf of C;.
Finally, let DEF(G,,) be the resolution clauses corresponding (as in Section 4)
to the above definitions.
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Definition 29 The negation of the onto-version of the pigeonhole principle,
denoted ~PHPS™° states that there is a bijection from {1,...,n + 1} onto
{1,...,n}, and is given by the following clauses:

{{.Pjyl,"',Pi,"} 01 §i§n+1}U{{?i,j,Fz~z,j} 01 Si(il <n+1,1<j STL}
together with
{{Pl,ja"'apn+1,j} 1 S] Sn}u{{ﬁl,]aﬁl,]'}l SZSTL+1,1 SJ <.7, STL}

Note that the onto version of the pigeonhole principle requires a bijection (not
simply injection) from the domain of size n + 1 to range of size n. In contrast
to the formalization of PHP,,, we have 1 <i<n+1and 1< j <n to allow a
simple correspondence with the trees B; and Cj.

Theorem 30 There are polynomial size resolution derivations of F(G,) from
DEF(G,) and ~PHP™°.

Proof For 1 < j < n, by Equation (7)

Pl l==tp ) |y (i teatn () — P

and by Equation (9)

Mileals (7). (leafo (1) = P, 12pG) 1y (i leat ()

This proves Equation (5). Equation (6) is similarly derived. Thus we’ve estab-
lished the charge equations for the connection between appropriate trees B; to
C;.

’ Fix 1 <4 < n+ 1. Equations (1) and (3) respectively correspond to the
charge equation at the root and the charge equations at non-root internal nodes
of the tree B;. Consider first Equation (1). To simplify notation, write d resp. e
in place of p(; 1,¢i,2) T€SP- P(i,1),(i,3)> and let Py, Poy1,..., Py resp. Poy1,..., P
denote the leaf labels in B; below d resp. e (hence the P’s correspond to
appropriate P; ;’s). With this notation, Equation (7) states that d = P,V---V P,
and e = Py4q V -+ V P,, so from its clausal form in DEF(G,,),

{d,P,,...,B}.
Repeatedly resolve this clause against clauses
{Pa; Pos1}, {Pa+1, Pos1}, {Pat2, Pota}, - -, {Pb, Poya }
(these clauses come from —~PH P2™°) to obtain {d, Py+1}. In a similar fashion,

obtain {d, Py12}, {d, Py43},..., {d, P.}. From DEF(Gy), we have {€, Pyy1,..., P},
so by repeated resolution against the previous clauses, we obtain {d,e}.
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From —PHP™° wehave {P,,..., P.}, and from DEF(G,) we have {P,,d},...,
{Py,d} and {Ppy1,€},..., {P.,e}. Repeatedly resolving the former against the
latter, we obtain {d,e}. Now {d,e} and {d,e} form the clausal representation
of the charge equation (1) d®e = 1. In a similar fashion (using the onto part of
the formulation of the pigeonhole principle) one can prove Equation (2). This
concludes the derivation of charge equations for roots of the B; and C;.

Consider now Equation (3). To simplify notation, write d,e, f resp. for
PG, 15/20), (i) Pl (0.:24) Pl (i,2j+1), and let Po,..., Py resp. Pyiq,..., P de-
note the leaves of tree B; respectively below e, f. Thus the leaves below d are
P,,..., P.. The clausal representation of Equation (3) has the following clauses:

1. {d,e, f}

2. {d,e, f}

3. {d,e, f}

4. {d,e, f}.
The first clause is simple to obtain. From DEF(G,) we have {E,_Pa, ..., P.} and
{Pa,e}, {Pat1,e},e .-, {Po,e} and {Pyy1, f}, {Pyt2, f},---, {Pe, f}- By reso-
lution of the former against the latter, we have {d, e, f}. The second and third
clauses are similarly derived. To obtain the fourth clause, proceed as follows. By
DEF(Gr), we have {€, P,,..., P} and from ~PHPS™ we have {Pa, Ppi1},
{Pat+1,Pos1}s---, {_Pb, Pyi1} and so by resolution we obtain {e, Pbili Simi-
larly, we obtain {€, Pp42},..., {€, P}, and in an analogous fashion {f, P,},...,
{f,Pv}. By DEF(G,), we have {d, P,, ..., P.} and so by repeated resolution
against the preceding clauses, we derive {d, €, f}, as required. This establishes
Equation (3). The derivation of Equation (4) is analogous. This completes our
treatment of the charge equations for non-root internal nodes of trees B; and
Cj.

Thus we have a resolution derivation of F(G},) from DEF(G,,) and ~PH P™°.

Straightforward estimation shows that the sketched resolution proof is of poly-
nomial size. JJ

Corollary 31 There is an exponential lower bound for resolution (even con-
stant depth Frege) refutations of F(Gy).

The corollary is immediate, since it is well-known that =P H P2™° has an expo-
nential size lower bound for resolution (and constant depth Frege) refutations.
See [11] for details.

From this construction, one might think that for every unsatisfiable proposi-
tional formula H there is a related odd charged graph G, for which H — F(QG)
has a polynomial size resolution (or constant depth Frege) derivation. This
however is false, unless NP = co— NP.
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Proposition 32 For any polynomials p,q there exists an unsatisfiable proposi-
tional formula H such that for all odd charged graphs G of size at most q(|H]|),
there is a resolution (or constant depth Frege, or Frege, etc.) derivation of
H — F(G), where F(G) is the Tseitin formula related to G.

Proof If not, then we have an N P-procedure to test whether a formula ¢ is a
tautology: ¢ € TAUT iff —¢ & SAT iff there is odd charged G of size ¢(|¢|) and a
resolution (or constant depth Frege, or Frege, etc.) derivation of —=¢ — F(G).
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