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Abstract. A result claimed without proof by R. Constable in a STOC73
paper is here corrected: a strictly increasing function f is presented for
which Constable’s class K(f) is properly contained in F'P(f), the col-
lection of functions polynomial time computable in f.

Introduction

In [10] A. Cobham? was the first to isolate the notion of polynomial time com-
putable function. There he characterized the class F'P of polynomial time com-
putable functions as the smallest function algebra £ containing certain initial
functions and closed under composition and a certain variant of primitive re-
cursion called bounded recursion on notation. Since Cobham’s seminal work, a
number of other complexity classes have been characterized by function alge-
bras, such as linear space [18]3, logspace [15], polynomial space [20], exponential
time [17], certain general complexity classes [22], AC°, AC*, NC [9, 1], ACC(2),
ACC(6), TC [7], etc.

One of the first persons to consider type 2 functional computational com-
plexity was R. Constable, who in [11] introduced a type 2 machine model and
related programming language, and then studied polynomial time reducibilities
between functions. On p. 118 of [11], Constable defined the class £(f) to be the
collection of functions of the form AxF(f,x), where F is a type 2 polynomial
time computable operator; i.e. £(f) is the collection of all functions polynomial
time computable in f. From subsequent work of K. Mehlhorn [16] and especially
of B. Kapron and S. Cook [14], it is known that Constable’s class L£(f) can
alternately be defined in a machine independent manner as the smallest class
of functions containing Cobham’s initial functions together with f, and closed
under composition and bounded recursion on notation.

* Part of this research supported by NSF CCR-9408090 and US-Czech Science and
Technology Program 93025.

2 J. Edmonds [12] independently isolated the notion of good (i.e. polynomial time)
algorithm.

3 Ritchie’s work was actually prior to that of Cobham.

* For a survey, see chapter 10 of [23] or [4].



Drawing on analogy with the Kalmér elementary functions® Constable de-
fined K(f) to be the smallest class of functions containing the initial functions
+, =, X, |z/y], f and closed under the operations of substitution, explicit trans-
formation, length bounded addition f(z,y) = Y°\* A(i,y) and length bounded

multiplication f(z,y) = H‘fio h(i,y). The class K is defined as previously, but
without the initial function f.° On page 118 of [11], the following claim is stated
as a theorem without proof.

Claim I

(a) Forall f, K(f) C £(f).
(b) For all non-decreasing f, K(f) = L(f).

While part (a) is clearly true, the purpose of this note is to present a coun-
terexample to part (b). On the same page of [11], the following claim is stated
as a corollary without proof.

Claim IT K = L.

Since Cobham [10] had characterized the polynomial time computable func-
tions F'P by the function algebra L, this corollary would have given a very elegant
characterization of F'P. This corollary is unlikely to be true, since by considera-
tion of a binary tree whose inner parent nodes perform the sum [resp. product]
of the values associated with the children, it is easy to see that K C NC C FP.
Hence if NC' is properly contained in the class F'P of polynomial time com-
putable functions, then the claimed corollary is false. Similarly, though our proof
procedes slightly differently, it is easy to see that for functions fr,cy associated
with C. Wilson’s oracle separating NC' from P, it is the case that

K(fy) = K(cy) CFNCY c FPY = L(f)

and hence that K(f) C £(f) for a particular non-decreasing function.”

I believe it is worth clarifying the status of these claims (for which no proofs
can be found in the literature), since on page 194 of [23], Claim II is stated as
Theorem 10.27 again without proof.

R. Constable’s work [11] was quite seminal. K. Mehlhorn [16]® subsequently
studied polynomial time reducibility between functions, and (essentially) defined
the collection BFF' of basic feasible type 2 functionals as the straightforward
extension of Cobham’s machine-independent characterization of the polynomial

5 The elementary functions [13] form the smallest class containing certain initial
functions including 2° and closed under composition, bounded addition g(z,y) =
> i h(i,y), and bounded multiplication g(z,y) = [[;_,h(i,y). It is known that
this class coincides with those functions computable in time (or space) bounded by
a finite stack of 2’s topped by the length of the input.

® In the terminology of [11], K(f()) = [+, -, x, le/yl, £0; 05, 3, , T1,.,

7 All unexplained notation is later introduced.

8 [16] contains results from Mehlhorn’s Ph.D. dissertation written under the direction
of R. Constable.



time computable functions to type 2.° Mehlhorn proved (essentially) that BFF
equals the collection of type 2 functionals F(f, z) for which there exists a function
oracle Turing machine M such that M (f,z) = F(f,z) for all f,z and the runtime
of M(f,z) is bounded by |G(f,z)| where G € BFF. Mehlhorn measured the
cost for function oracle calls as 1 (unit cost).

In [14], B. Kapron and S. Cook proved a difficult extension of Mehlhorn’s
theorem. Their result states that a type 2 functional ' € BFF if and only if
there is a Turing machine M computing F', for which the runtime of M (f,x)
is bounded by P(|f]|,|z|), where P is a second order polynomial. B. Kapron,
A. Ignjatovic and the author [6] then characterized type 2 AC? functionals and
gave a characterization of type 2 NC functionals.'°

The plan of this paper is as follows. In section 1 basic definitions and back-
ground results are given. In section 2 we prove that K(f) is properly contained
in £(f) for some increasing f. In section 3 we show K contains TC? and ACC,
and pose the question whether K contains ALOGTIME and LOGSPACE.

1 Definitions

1.1 Oracle Turing machine

In [11], R. Constable introduced a natural programming language including func-
tion oracle calls, and with respect to this model defined the notion of polynomial
time type 2 functional. In [14], B. Kapron and S. Cook defined the notion of
norm (or length) of a function, and studied polynomial time (function) oracle
machines, running in second order polynomial time.

Definition 1. The length of z in binary satisfies |z| = [loga(x + 1)]. The length
or norm |f| of function f is

£1n) = max| £ (z)

Let fi,..., fm be variables ranging over N and 1, ..., z, be variables ranging
over N. The collection C' of second order polynomials P(f1,..., fm,Z1,---,%n)
is defined inductively as follows.

(i) for any integer ¢, c € C,

(i) for every1<i<mn, z; € C,

(i) if P,QQ € Cthen P+Q e€Cand P-Q € C,
(iv) if P € C then f;(P) € Cfor1<i<m.

® Mehlhorn called such functionals polynomial time computable operators. This class
of functionals was then studied by M. Townsend [21], who called them POLY, and
later by B. Kapron and S. Cook [14], who first denoted this class as BFF, the basic
feasible functionals of type 2.

10 The characterization of NC in [6] extended Mehlhorn’s approach; the parallel ana-
logue of [14] will appear in the journal version of [6].



In the Kapron-Cook model, a type 2 functional F is polynomial time computable
if there is a second order polynomial P and an oracle Turing machine M, such
that F(f,z) = M(f,z), where the runtime of M(f,z) is at most P(|f|,|z|).
Here, the cost for a function oracle call f(y) is | f(y)|-

The main result of [14] was a characterization of type 2 polynomial time com-
putable functionals — the function algebra BF'F of basic feasible functionals
equals the type 2 polynomial time computable functionals. The formal definition
of BF'F, given in Definition 19, is a straightforward type 2 generalization of Cob-
ham’s function algebra £. It immediately follows from [14] that R. Constable’s
class £(f) is equal to the function algebra [0, I, so, s1, #, f; COMP, BRN], which
is equal to the collection of functions \xF(f,x), where F' € BFF.

1.2 Circuit families

An oracle boolean circuit is a directed acyclic graph. Nodes with fan-in 0 are
labeled by 2x1,...,2,,0,1. All other nodes, called gates are labeled by one of A,
V, =, 7, the latter called an oracle gate. Nodes labeled by — have fan-in 1, all
other gates have arbitrary fan-in. All nodes except for the unique output node
have arbitrary fan-out; the output node has fan-out 0. The size s(a) of a circuit
o is the number of gates. The depth d(a) of a circuit is defined recursively as
follows.

0 if a is labeled by z1,...,2,,0,1
d(a) = 14+d(B) if ais =3
@)= 1 =+ maX]_stm(d(ﬂ,)) if o is VZ’;I ﬂz‘ or /\:’;1 ﬁz

|m| + max(d(ﬂl)a s Jd(ﬁm)) if a is ?(/317 s 7ﬁm)

If AC{0,1}*, z € {0,1}*, then an oracle boolean circuit a computes on input
A, z in the obvious manner. Formally, one defines a function Eval(a, A, w), where

( label of o if a is labeled by z1,...,2,,0,1
—Eval(8, A, w) ifa=-0
Vi<icm Bval(Bi, A,w) if ais V12, Bi
Eval(a, A,w) = { {\ISiSm Eval(B;, A, w) ﬁ Z z?/(\,éil-éf,ﬂm)
and (/Bl(w)a R aﬂm(w)) € A
0 it @ =2(B1,. .., Bm)
\ and (ﬁl(w)a"-a/@m(w)) €A

AC# is the collection of all languages computed by a logtime uniform family
{an : n € N) of oracle boolean circuits, where s(a;,) = n°®) and depth d(ay,) =
O(log"(n)) (see [2]). NCA is similarly defined, but where A-gates and V gates
are restricted to be of fan-in 2. AC,? and N C,? are usually designated by AC*
and NC*, and NC = UAC* = UNC*.' Most often in the literature, AC*,

11 Here we follow Wilson’s convention of defining boolean complexity classes of lan-
guages rather than functions, as well as his convention of writing AC} in place of
AC* to allow for an oracle superscript.



NCF* and NC refer to function classes rather than classes of relations. Here, we
define FNC to be the class of functions f(x) such that

(i) fis of polynomial growth rate; i.e. there is a multivariable polynomial p such
that

[f(z1,- - an)| < pllz1l, -, |2n])
(ii) the bitgraph Ay € NC, where A;(i,x) holds iff the i-th bit of f(x) is 1.

Similarly the classes of functions of polynomial growth rate whose bitgraph be-
longs to AC* [resp. NC*] is designated here as FAC* [resp.FNC*]. Finally,
FNCT [resp. FACY, FNCF] denotes the class of functions of polynomial growth
rate whose bitgraph belongs to the relativized class NCT [resp. AC}, NC¥].

1.3 Function algebras

Definition 2. If X is a set of functions and OP is a collection of operations, then
[X; OP] denotes the smallest set of functions containing X and closed under the
operations of OP. The set [X; OP] is called a function algebra. The characteristic
function cp(x) of a predicate P satisfies

(1) ep(x) = {1 if P(x)

0 else,

where P is often written in place of cp. If F is a class of functions, then F, is
the class of predicates whose characteristic function belongs to F.

Definition 3. The successor function s(z) = x + 1; the binary successor func-
tions sg, s1 satisfy so(z) = 2-x, s1(z) = 2-z+1; the smash function z#y = 2/=/'v/;
the n-place projection functions I}}(z1,...,%,) = x; I denotes the collection of
all projection functions.

Definition 4. The function f is defined by composition (COMP) from functions
h,g1,...,9m if

f@i, o mn) = Mgi(@1,. -, 20), - gm(@1, -, T0)

Definition 5 (A. Cobham [10]). The function f is defined by bounded recur-
sion on notation (BRN) from g, hg, h1, k if

F0,y) = g(y)

f(s0(2),y) = ho(z,y, f(z,y)) if z # 0
f(Sl(.Z'),y) = hl(ma Yy f(ma y))
provided that f(z,y) < k(z,y) for all z,y. Define the algebras

L= [07 I: 50, 81, #a COMP, BRN]
L(f) =1[0,1, f, 50, 51, #; COMP, BRN].

The class F'P consists of the collection of polynomial time computable functions.



Theorem 6 A. Cobham [10]. FP= L.

See [19] for a detailed proof of Cobham’s theorem.

Definition 7 (R. Constable [11]). The function f is defined by weak summa-
tion (WSUM) [resp. weak product (WPROD)] from g if f(z,y) equals

||

> gli,y) [resp. [T\ (i, y))-
1=0

Define the algebras
K =[0,1,s0,51,+,~, X, |z/y|; COMP, WSUM, WPROD]
K(f)=10,1,s0,81,+,=, X, |z/y], f; COMP, WSUM, WPROD].

Definition 8 (P. Clote [9]). Assume that ho(z,y), h1(z,y) < 1. The function
f is defined by concatenation recursion on notation (CRN) from g, hg, hy if

f0,y) =9(y)
f(50(%),¥) = 8ho(a,y) (f(2,¥)), if 2 #0
f(51(2),¥) = 8y (ay) (f(2,Y))-

This scheme is written in the abbreviated form

f0,y) =9(¥)
f(Si(w);Y) = Shi(z,y) (f(xay))

Definition 9. The function BIT(i,z) = MOD2(| % |) yields the coefficient of 2*
in the binary representation of x; MOD2(z) = x — 2 - [§]. The algebra A is
defined to be

[0,1, so, 51, BIT, |Z|, #; COMP, CRN].

The algebra Ag(f) is defined to be
[0,1, 80,51, BIT, |z|, #, f; COMP, CRN].

Definition 10. The function f is defined by weak bounded recursion on notation
(WBRN) from g, h, k if

F(0,x) = g(x)
F(SO(’I’L),X) = ho(TL,X,F(n,X)), ifn#0
F(sl(n)ax) = hl(n,x,F(n,x))

provided that F'(n,x) < k(n,x) holds for all n,x. The algebra A is defined to be
[0, 1, sg, 51, BIT, |z|, ##; COMP, CRN, WBRN].
The algebra A(f) is defined to be

[0,1, so, 81, BIT, |z|, #, f; COMP, CRN, WBRN].



Part (a) of the following theorem appears in [8]. Part (b) is straightforward
from the techniques there developed.

Theorem 11 (P. Clote [8]). (a) FNC = A.
(b) For all LC N, FNCE = Aler).

2 Main results

Lemmal2. A is closed under WSUM.

Proof Let f(z,y) = >_;<|, 9(i,¥), where g € A. We must show that f(z,y) €
A. The idea is to formalize using CRN and WBRN the “addition tree”, a binary
tree where values g(i,y) are placed at the leaves and internal nodes have as
values the sum of their two children. To do so, we proceed as follows.

In [9] explicit definitions of a number of functions were given in the algebra

Ag. Such functions included +, =, rev, where
Lo Jr-yitz>y
rey= { 0 else

and rev(z) = y holds if the binary representation of y is the reverse of the binary
representation of z. In Ay, define the bounded exponential function

(2) Ezp(a,b) = 2min(at)
by
E-’L’p(.ﬁl)‘,y) = [rev(e;va(.r, Y,s1 (y)))/2J

where the auxiliary function exp0 is defined by
exp0(z,y,0) =1

() = L silerp0(z,y,2)) if |z] =z < [y| V |2| = [y| < =
exp0(@,y, 5i(2)) = { so(exp0(z,y, 2)) else.
Define functions ¢(z) [resp. n(z)] whose value is the number of leaves [resp.

nodes] of a full binary tree T, which will be associated with z:

®3) U(z) = Bxp(||z(|,2 - |=[)
(4) n(z) =2-£6(z) — 1.
Thus 1 < ¢(z) = 2!I?Il < 2. |z] is a power 2 and
n(z)=2-lz)-1<2-27l <4.|z|
Since Exzp(n(z),(2-z)*) = 24%) we can freely use 2*) in defining functions in
Ap and A.

Let T, be the full binary tree having £(x) many leaves and altogether n(x)
many nodes, whose nodes are labeled as follows: leaves are labeled 0, ... £(z) —1



from left to right, then parents of leaves are labeled £(z), ..., ¢(z) + @ —1 from
left to right, etc.
More formally, define

LC(i,z) =n(z) — [2- (n(z) — i) — 1]
RC(i,x) = n(z) — [2- (n(z) —i)].

Then L(i, ) [resp. R(i,x)] is the left [resp. right] child of ¢ in T}, provided that
£(z) < i< n(z).

Using the scheme WBRN we will formalize a computation on the tree Tj.
Though not used in the formal definition, it is helpful to compare the label of a
node in T, with the label of the same node in the tree U,, defined as follows. Let
U, be the full binary tree having £(x) many leaves, and altogether n(r) many
nodes, where the root is labeled 1 and for all internal nodes labeled by v, the
right child is labeled by 2-v and the left child is labeled by 2-v+ 1. For example,
ifz =7 (or 4 <z <7)then £(z) = 22 =4, n(z) = 7, and T}, U, are given as

follows.
Tx Ux
/4@\ 7@\
0 1 2 3 7 6 5 4
Define
g(i,y) if i < |z
G, 3,y) = 0 if |z| <@ < f(x)
DY) H(LCG,3),2,y) + F(RC(i,2),3,y) if £(z) <i < n(z)

0 ifn(z) <i

It is easily verified that

||
(5) f(n(@) = Lz,y) =) g(i,y)
i=0
since f assigns values g(0,y),...,9(|z|,y) to the leaves of T}, and then computes

level-by-level the pairwise sums so that E‘iilo 9(i,y) is assigned at the root n(z)—
1 of T.
Define a pairing function

pair(z, y) = 2ma(aLlu)L gmax(zllv) 1) 4 (gmax(lzllv) 4 ).

and its projections

left(pair(z,y)) = x
right(pair(z,y)) =y



Following [9], to encode the sequence (ti,...,t,), let m be the least power of 2
greater than or equal to |t;| + 1, for ¢ < n. Then define the sequence number

(t1,. . tn)

encoding the sequence to be pair(t,2™), where

t=> (2™ +t;)-2m Y,

i=1

If ¢ encodes a sequence (ti,...,t,) of length n, then define the § function by
B(t,0) =n and for 1 < i < mn, B(¢,i) = t;. On p. 166 of [3], the functions pair,
left, right, B were shown to belong to Ag. (For a systematic presentation of
details, see [4].)

It is then straightforward to show that a sequence concatenation function
~ exists in Ay for which if s = (s1,...,8,) and t = (t1,...,t,,) then st =
(815, 8n,t1, .-, tm). In [9] it is shown that the function M SP(z,y) = |z/2¥!]
belongs to Ayp.

Now define F'(z,z,y) by

F,z,y)=( )
F(Si(z)7x7Y) = H(z,:c,y,F(z,a:,y))

where H(z,z,y,u) = F(z,2,y)" (h(z,2,y)) and

9(lz],y) if |2] < |z|
hz,z,y) = 0 if |z < 2| < £(z)
” B(F(z,z,y), LC(|z],z)) + B(F(z,z,y), RC(|z|,z)) if £(z) < |z| < n(z)
0 else.

Thus F(z’ :L., Y) = <f(05 x’ y)’ ] f(lzl_]"x) Y)>' Deﬁne G(z7x’ y) = F(lzl’ x’ y)'
In [7] it was shown that if g € Ag, then the mazimum function

mg(xz,y) = max{g(i,y) : i < [[}
belongs to Ag. It follows that if g € A, then m, € A. Hence,
|z]
i=0
<my(z,y)#(2 - z)

and so Eiilo 9(i,y) is bounded by a function in A. Thus G is defined by WBRN
from functions in A and hence belongs to A. Finally, define K by
K(z,y) =G(2"® = 1,2,y)
= F(n(z),z,y)
= <f(0a$5y)7 ce af(n(x) - IJmJY))



It follows from (5) that

||

B(K (z,y),n(z)) = Zg(i,Y)

and hence A is closed under WSUM. O
Theorem 13. K C A. For any f, K(f) C A(f).

Proof By replacing sum by product, the proof of the previous lemma can im-
mediately be modified to yield that A is closed under WPROD.!2 The initial
functions 0, I, sg, s1, +, X of K all belong to A — the first three belong to A by
definition; in [9], it was shown that + € Ag C A4; X is known to belong to NC
(even NC'), hence by Theorem 11 belongs to A. The algebra A is closed under
composition, and by the previous lemma, under wsuM and WPROD. It follows
that K C A. The same proof, in the presence of an additional initial function f,
yields the inclusion K(f) C A(f). O

In [24], C. Wilson relativized the bounded fan-in boolean circuit model to
allow oracle gates (see section 1.2), and for this model constructed an oracle L
for which the class NC is properly contained in polynomial time PX. Wilson’s
circuit families were defined to be logspace uniform (logtime uniformity may be
assumed), where the logspace machine outputting the blueprint of the circuit
does not have access to the oracle. Oracle calls cost |log, k| depth, where k is
the size of the query z.

Theorem 14 C. Wilson [24]. There is an oracle L C N, for which NCt C
pL .

It easily follows from this theorem that there exists L C N, such that FNCE C
FPL.

Definition 15. For L C N, let f; be defined by

_f 2 ifedglL
fL(”‘")—{2x+1ifxeL.

1if fr(z)=2z+1 fi(2) = s1(z) ifep(x) =1

It easily follows from this observation that for any L C N, A(fr) = A(cr) and
FPL = L(fr) = L(cr). Let L be as in Theorem 14. Putting everything together,
we have the following theorem.

en(z) = {0 if fL(:E)zg.Z' {so(a:) if ep(z) =0

2 Tn showing that G is definable by WBRN, note that

|z|

Hg(i,y) < mg(z, )" < m(z,y)#(2 - @).

=0



Theorem 16. There exists a strictly increasing function f such that K(f) is
properly contained in L(f).

Proof Let f = fr, where L is the oracle from Theorem 14. Then

K(fL) CA(fL) = A(cr) = FNC* C FP" = L(c1) = L(f1).

3 Complexity classes contained in K

In [2], TCP is defined as the class of logtime uniform, constant depth, polynomial
size threshold circuits.

Theorem 17. TC° C K.
Proof By [7],
TC® = (0,1, 50, 51, ||, BIT, #, X; COMP, CRN].
By definition,
K =[0,1,s9,51,+,=, X, |x/y|; COMP, WSUM, WPROD].

We begin by showing that the initial functions of TC® can be defined in K.

o[ = (D 1)~ 1

i<|z]
[Li<)z 2
ola| — i<|z|
s
_ lifz=0
Sg(m)Zl;x:{Oelse

0ifz=0
1 else
lifx <y
0 else

sg(z) = 1~ 5g(z) = {

c<(@,9) = sg(w ~ y) = {

o ifz=0
cond(z,y,z) = 3g(x) -y + sg(x) -z = {:g else
min(z,y) = cond(x = y,z,y).

From these functions, definitions by case are admissible in K. Definitions of the

form f(z,y) = > i<, h(i,2,y) and f(z,y) = [[;<|, h(i,2,y) are allowed by
WsuUM and WPROD. Define B

Eap(a,b) = 27D = TT (i, a,b)
i<l



where

; 2 if i < min(a, |b
9li,a,b) = { 21§ < min(a, 1)
Further define
. x
MSP(z,i) = LWJ
MSP(z,i
BIT(i,z) = MSP(x,i) = 2- ij

PIEd

Ty = LMJ — glzl-lyl

Thus all the initial functions of TC? belong to K.

To show closure of K under CRN, we first show closure under sharply bounded
quantifiers and sharply bounded p-operator. Suppose that R(z,z) is a relation
whose characteristic function belongs to K. Then the characteristic function of
(3 < |yl R(z,2) [resp. (Vo < |y|)R(z, 2)] is

593 cr(w,2)  [resp. 5G(X, <, 59(cr (@, 2)].

z<|y|

Define (ui < |y|)R(3,2) to be the least i < |y| satisfying R(i,z), if such exists,
and otherwise 0. Then (ui < |y|)R(i,z) can be defined in K by ZKM 9(i,y,2),
where

Lif (Vj < [y))(j <i— ~R(j,2))

0 else.

9(i,y,2) = {

Now suppose that the function k is defined from hg, h; € K by a simple restricted
version of CRN as follows.

(6) k(0,y) =
k(SO (.’L'), Y) - Sho(z,y) (k( Y))
k(s1(2),¥) = Shy(z,y) (k(2,¥))-
Then k is definable in K by
1 ifz=0
43 = s < 02, 2)] e

where ¢(z,y, 2) is
[lz] = |« + LA (Vi < |])(BIT(, 2) = hBrr(i\0) (MSP(2,i +1),y))].
Suppose that f is defined from g, hg, h; € K by CRN:

f(0,y) =9(y)
f(So(.’L'), y) = Sho(z,y) (f('ra y))
f(51(2),5) = shi(23) (f(2,))-



Let k be defined from hg, h; by the simpler version (6) of CRN. We have that
k € K and

_ [2l = k(2,y) if g(y) =0
flz,y) = { (g(y) = 1) -2l + k(z,y) else.

Thus K contains all the initial functions of TC? and is closed under the opera-
tions coMP and CRN, hence TC° C K. o

Remark. Since modular counting

f(z,y,m) = (Z g(i,y)) mod m

i<l|a|

is definable in K, it follows that ACC C K (see [2] for definition of ACC'). More-
over, note that the majority quantifier of [2] is directly definable by c< (3", , 9(4), 3)-

Question 18. (i) ALOGTIME C K?
(ii) FLOGSPACE C K?
(iii) To what complexity class does K correspond?'?

By [3, 7], ALOGTIME and FLOGSPACE are characterized by function alge-
bras involving respectively k-bounded recursion on notation

f(0,y) =9(y)
f(so(x),y) = h0($7y7f(w7y))
f(Sl(.'E),y) = h1($7y7f($7y))

where f(z,y) is bounded by the constant k, and length bounded recursion on
notation

f(0,y) =9(y)
f(SO('CE):}I) = hO(m5Y7f($7Y))
f(Sl(.'E),y) = h1($7y7f($7y))

where f(z,y) < |k(z,y)|. It does not seem clear how to go about defining either
of these schemes using WSUM and WPROD.

13 H.-J. Burtschick (personal correspondence) has suggested a possible relation to uni-
form, polysize arithmetic circuits.



4 Concluding remarks

In this paper, we have used Wilson’s oracle separation of NC from P in order to
refute Claim II(b) and cast doubt on Claim I. The area of higher type compu-
tational complexity abounds in open problems. Unlike the case where function
classes FNC, FAC*, FP, etc. have functions of the same (polynomial) growth
rate, it may be that growth rates may distinguish between type 2 complexity
classes. In particular, it would be interesting to know the answers of the questions
below.

For economy of space, we refer the reader to [6] for definitions of the functional
complexity classes Ag, A which are respectively the type 2 analogues of Ag, A,
as BF'F below is the type 2 analogue of F'P.

Definition 19 Townsend [21]. F is defined from H,G1,...,Gy, by functional
composition if for all f, x,

F(f,x)=H(f,G1(f,x),...,Gn(f,x),x).
F is defined from G by expansion if for all f,g,x,y,
F(f,g,x,y) = G(f,x).
F is defined from G, Gy, ...,G,, by functional substitution if for all f, x,
F(f,x) = H(f, \y.G1(f,x,9),..., \y.Gn(f,x,y),x).
F is defined from G, H, K by limited recursion on notation (LRN) if for all f, x, y,
F(f,x,0) = G(f,x)
F(f,x,y) = H(E,x,y, F(£,x, |5])), if y #0.
provided that F(f,x,y) < K(f,x,y) holds for all f,x,y.
The class of basic feasible functionals BFF is the smallest class of type 2

functionals containing 0,s0,s1,i},#,Ap (defined by Ap(f,z) = f(x)) and closed
under functional composition, expansion, functional substitution, and LRN.

Define the type 2 analogue K of Constable’s K as follows. The functional
F(z,y,f) is defined by WSUM [resp. WPROD] from G if F'(z,y,f) equals

||

Z G(i,y,f) [resp. [1I%, G(i,y, )]

Definition 20. The class K is the smallest class of type 2 functionals containing
0,50,51,i8,+, =, X, |z/y],Ap and closed under functional composition, expan-
sion, functional substitution, WSUM and WPROD.

Recall the following result from [6].
Theorem 21. Ao C AC BFF.



Tt follows from this paper that 49 C X C A C BFF.

Question 22. Does there exist a function f, such that K(f) C A(f) C FP(f)?
If so, can f be chosen to be of polynomial growth rate? Is K properly contained

in A?

For classes F, G of type 2 functionals, let’s say that G majorizes F if for
every functional F' € F there exists G € G such that

(VE,x)[F(f,x) < G(f,x)].
Write F < G when G majorizes F, and F < G when F < G but not G < F.
Question 23. 1s it the case that 49 < X < A < BFF?

I would like to thank Chris Wilson for email correspondence and for sending
a copy of [24].
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